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Abstract. We study the asymptotic behavior of Betti numbers, twisted tor- 
sion and other spectral invariants of sequences of locally symmetric spaces. 
Our main results are uniform versions of the DeGeorge— Wallach Theorem, of 
a theorem of Delorme and various other limit multiplicity theorems. 

A basic idea is to adopt the notion of Benjamini-Schramm convergence (BS- 
convergence) , originally introduced for sequences of finite graphs of bounded 
degree, to sequences of Riemannian manifolds, and analyze the possible lim- 
its. We show that BS-convergence of locally symmetric spaces T\G/K implies 
convergent, in an appropriate sense, of the normalized relative Plancherel mea- 
sures associated to L 2 (T\G). This yields convergence of normalized multiplic- 
ities of unitary representations, Betti numbers and other spectral invariants. 
On the other hand, when the corresponding Lie group G is simple and of real 
rank at least two, we prove that there is only one possible BS-limit, i.e. when 
the volume tends to infinity, locally symmetric spaces always BS-converge to 
their universal cover G/K. This leads to various general uniform results. 

When restricting to arbitrary sequences of congruence covers of a fixed 
arithmetic manifold we prove a strong quantitative version of BS-convergence 
which in turn implies upper estimates on the rate of convergence of normalized 
Betti numbers in the spirit of Sarnak-Xue. 

An important role in our approach is played by the notion of Invariant 
Random Subroups. For higher rank simple Lie groups G, exploiting rigidity 
theory, and in particular the Nevo— Stuck-Zimmer theorem and Kazhdan's 
property (T), we are able to analyze the space of IRSs of G. In rank one, the 
space of IRSs is much richer. We build some explicit 2 and 3-dimensional real 
hyperbolic IRSs that are not induced from lattices and employ techniques of 
Gromov— Piatetski-Shapiro to construct similar examples in higher dimension. 
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1. Introduction and statement of the main results 



Let G be a connected center- free semisimple Lie group without compact factors, 
K < G a maximal compact subgroup and X — G/K the associated Riemannian 
symmetric space. The main results of this paper concern the asymptotics of L 2 - 
invariants of the spaces T\X, where L varies over the space of lattices of G. 

We start by introducing a particularly transparent case of BS- convergence: the 
case when a sequence of locally symmetric spaces T n \X converges to X. 

1.1. Definition. Let (T n ) be a sequence of lattices in G. We say that the X- 
orbifolds M n = T n \X BS- converge to X if for every R > 0, the probability that 
the i?-ball centered around a random point in M n is isometric to the i?-ball in X 
tends to 1 when n — > oo. In other words, if for every R > 0, we have 



where M < r — {x £ M : InjRad M (a;) < R} is the i?-thin part of M. 

A straightforward, and well studied, particular case is when r < G is a uniform 
lattice and F„ < T is a chain of normal subgroups with trivial intersection; in this 
case, the i?-thin part of T n \X is empty for large n. 

General BS-convergence. The definition above fits into a more general notion 
of convergence, adapted from that introduced by Benjamini and Schramm [13j for 
sequences of bounded degree graphs. 

Consider the space M. of rooted, proper metric spaces, endowed with the rooted 
Gromov-Hausdorff topology. Each r„\X can be turned into a probability measure 
on M. by choosing the root at random with respect to the normalized volume 
form; this measure is supported on rooted spaces isometric to T n \X. We say that 
T n \X BS-converges if these measures weakly converge. The limit object is then a 
probability measure on Ai. This definition is elaborated in Section [3] 

Most of the results stated in the introduction assume (or prove) BS-convergence 
to X. These results can often be extended to general BS-convergent sequences, but 
they tend to get more technical and sometimes further assumptions are needed. 
This will be discussed in the body of the paper. 

This definition of BS-convergence is very broad and works just as well for se- 
quences of finite volume Riemannian manifolds. In our situation, the common 
ambient group G allows a useful algebraic reformulation of BS-convergence where 
probability measures on M. are replaced by invariant random subgroups of G, i.e. 
G-invariant measures on the space of closed subgroups of G. This reformulation 
is what we use in most of the paper. This will be discussed at the end of the 
introduction and in Sections [2] and [3] 

Uniform discreteness. A family of lattices (resp. the associated X-orbifolds) is 
uniformly discrete if there is an identity neighborhood in G that intersects trivially 
all of their conjugates. For torsion-free lattices r„, this is equivalent to saying 
that there is a uniform lower bound for the injectivity radius of the manifolds 



lim 



vpl((M n ) <fl ) 
vol(M„) 



-0, 
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M„ = r n \X. In particular, any family (M n ) of covers of a fixed compact orbifold 
is uniformly discrete. Margulis has conjectured [73l page 322] (see also (55j Section 
10]) that the family of all cocompact torsion- free arithmetic lattices in G is uni- 
formly discrete. This is a weak form of the famous Lehmer conjecture on monic 
integral polynomials. 

BS-convergence and Plancherel measure. Our first result says that BS- 
convergence to X implies a spectral convergence: namely, the relative Plancherel 
measure of T n \G will converge to the Plancherel measure of G in a strong sense. 

For an irreducible unitary representation n 6 G and a uniform lattice T in G let 
m(7r, r) be the multiplicity of ir in the right regular representation L 2 (T\G). Define 
the relative Plancherel measure of T\G as the measure 

" r= voi(iAG)5: m(7r ' r) ^ 

on G. Finally denote by v G the Plancherel measure of the right regular represen- 
tation L 2 {G). Recall that the support of v is Gt em p — the subset of the unitary 
dual G which consists of tempered representations. 

1.2. Theorem (Theorem I7.10p . Let (r n ) be a uniformly discrete sequence of lat- 
tices in G such that the spaces T n \X BS-converge to X . Then for every relatively 
compact v G -regular open subset S C G or S C Gt om p> we have: 

vr n {S) -> v G {S). 

Note that the Plancherel measure of G depends on a choice of a Haar measure 
on G as does vol(r\G). We recall basic facts on the topology of G in Section [71 

Let d(ir) be the 'multiplicity' — or rather the formal degree — of it in the regular 
representation L 2 (G) with respect to the Plancherel measure of G. Thus, d(Tr) = 
unless 7r is a discrete series representation. Theorem 11.21 implies the following: 

1.3. Corollary. Let (T n ) be a uniformly discrete sequence of lattices in G such that 
the spaces T n \X BS-converge to X . Then for all n 6 G, we have 

vol(T n \G) 

In the special situation when (r„) is a chain of normal subgroups with trivial 
intersection in some fixed cocompact lattice r < G, Corollary 11.31 is the classical 
theorem of DeGeorge and Wallach 39 . In that very same situation Theorem 
11.21 is due to Delorme [43] . Since the pioneering work of DeGeorge and Wallach, 
'limit formulas' have been the subject of extensive studies. Two main directions of 
improvement have been considered. 

The first direction is concerned with the extension of the theorems of DeGeorge- 
Wallach and Delorme to non-uniform lattices. In the case of the DeGeorge- Wallach 
theorem we refer to [HI \§\ [351 HOP! [105 . Note that these works were motivated 
by a question of Kazhdan |63j pertaining to his work on the field of definition of 
arithmetic varieties. The limit multiplicity problem for the entire unitary dual has 
been solved for the standard congruence subgroups of SL 2 (Z) by Sarnak in [102] 
(see also (61] [42]) but is still open in general. A partial result for certain normal 
towers of congruence arithmetic lattices defined by groups of Q-rank one has been 
shown in [42]. Very recently important progress have been made by Finis, Lapid 
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and Muller [51j who can deal with groups of unbounded rank. In these works the 
authors usually deal with towers of normal subgroups. 

A second direction is to extend the theorems of DeGeorge-Wallach and Delorme 
to more general sequences of (uniform) lattices. This has been addressed in some 
of the above mentioned works for certain (non principal) congruence subgroups of 
a fixed lattice, such as To(N), see also [62] for another example. Theorem ll.2l is the 
first example where one can deal with sequences of non-commensurable lattices. 

The classical theorem of DeGeorge and Wallach implies a corresponding state- 
ment on the approximation of i 2 -Bctti numbers by normalized Betti numbers of 
finite covers (see also Donnelly [47] ) . Theorem 11.21 implies the following uniform 
version of it. 

1.4. Corollary. Let (M„) be a sequence of uniformly discrete compact X -manifolds 
that BS-converge to X . Then for every k < dim(A) we have 

In the corollary, bk{M n ) is the k th Betti number of M n and 

[0 otherwise, 

is the k th L 2 -Betti number of X , where X d is the compact dual of X equipped 
with the Riemannian metric induced by the Killing form on Lie(G). We refer the 
reader to Section [8] for an analytic definition of pi (X). By [5] and [92], the Euler 
characteristic x(X rf ) is nonzero exactly when the fundamental rank 

5(G) = C-rank(G) - C-rank(i-Q 

of G is nonzero. Alternatively, it follows from the equality of the Euler characteristic 
and its I/ 2 -analogue that in the middle dimension, [3^ (X) ^ if and only if the 
Euler characteristic of some (or, equivalently, every) closed X-manifold is nonzero. 

Uniform BS-convergence in higher rank. In the higher rank case we have 
the following remarkable phenomenon, that gives a surprisingly strong result when 
combined with Theorem 1 1.2 1 Note that in the following result we do not restrict to 
the case where the r„ are cocompact or torsion free and we do not assume uniform 
discreteness. 

1.5. Theorem (Corollary 14.71) . Suppose that G has property (T) and real rank at 
least 2. Let T n < G be any sequence of pairwise non-conjugate irreducible lattices 
in G. Then T n \X BS-converges to X. 

1.6. Corollary. If in addition to the conditions of Theorem \1.5\ we have that (T n ) 
is uniformly discrete (in particular, cocompact), then for every relatively quasi- 
compact v G -regular subset S C G, we have: 

v Tn {S)^v G {S), 



and in particular, 



GROWTH OF L 2 -INVARIANTS FOR SEQUENCES OF LATTICES IN LIE GROUPS 5 



for any ir G G. If we also assume that the T n are torsion /reeQ, then 

b k (Y n ) ^( 2)(x) 



vol(T n \X) 

for every k < dim(X). 

Here is a particular example to illustrate the strength of Corollary 11.61 

1.7. Example. Let n > 3, let T be a cocompact lattice in SL„(]R) and let T m < T 
be a sequence of distinct, torsion-free finite index subgroups ofT. Then for all k, 



[T : r m ] 



0. 



Even in this example, where all the lattices fall in one commensurability class, 
we do not see a proof that avoids using Theorem 11.51 



It is easy to see that the analogue of Corollary 11.61 — and therefore of Theorem 
11.51 — is false for some rank one symmetric spaces. For instance, suppose M is 
a closed hyperbolic n-manifold and tti(M) surjects onto the free group of rank 
2. Then finite covers of M corresponding to subgroups of Z * Z have first Betti 
numbers that grow linearly with the volume. However, for n ^ 2, there will be 
sublinear growth of the first Betti number in any sequence of covers corresponding 
to a chain of finite index normal subgroups of tt\(M) with trivial intersection, e.g. 
by DeGeorge-Wallach theorem. 

Removing the injectivity radius condition in rank one. Since all higher rank 
irreducible lattices are arithmetic by Margulis' theorem (see [731 Theorem 1.10, p. 
298]) it is expected, by Margulis' conjecture, that when rank(G) > 2 the family 
of all irreducible closed X-manifolds is uniformly discrete. In rank one this is not 
true: there is no positive lower bound for the injectivity radius of closed manifolds. 
Indeed, it is shown in [H [TBI E] that f° r every d there are compact hyperbolic 
manifolds of dimension d with arbitrarily small closed geodesies. Still, a careful 
estimate of the norm of the heat kernel in the thin part of rank one manifolds (see 
Section [9]) allows us to prove the following. 

1.8. Theorem (Theorem 19. II) . Let X be a symmetric space of rank 1 and let M n 
be a sequence of compact X -manifolds that BS-converge to X. Then for every 
k < dim(JT), 

The idea of our argument for Theorem 1 1 . 81 also gives an alternative proof, in the 
rank one case, of the classical theorem of Gromov that Betti numbers are linearly 
bounded by volume .8, Theorem 2]. We were not able to perform the same analysis 
in the higher rank case. However, assuming the Margulis conjecture, our result 
for higher rank symmetric spaces (Corollary 11.61) is much stronger than Gromov's 
linear boundQ 



^The torsion freeness assumption can be omitted if one replace the nominator by b} s (T\X) — 
the topological fc'th Betti number of the orbifold see Theorem l8.29l 

2 Rccall that Gromov's theorem applies in the much broader setup of Hadamard spaces with 
bounded curvature and no Euclidian factors, that we do not consider in this paper. 
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Explicit estimates for congruence covers. When restricted to congruence 
covers of a given arithmetic hyperbolic manifold, Gromov conjectured that the fc'th 
Betti number should be bounded above by a constant times n a where n is the index 
of the cover and 

2k 

a=j^, 0<fc<[(d-l)/2], 

see Sarnak and Xue |103j . Cossutta and Marshall [35] and Bergeron, Millson and 
Moeglin [89] proved an even better (and sharp) bound for principal congruence 
covers of level a power of a prime and small degree k < (d— l)/4. Our next result 
is a weak form of Gromov's conjecture. While we cannot approach the precise 
constant suggested by Gromov, we do obtain a very general result that applies to 
all semisimple Lie groups and general congruence (not just principal) subgroups. 

1.9. Theorem (Theorem 17.171) . Let G be a semisimple Lie group and let T < 
G be a uniform arithmetic subgroup. Let tt € G be a non-tempered irreducible 
representation. Then there are constants a > and C < oo such that for every 
congruence subgroup A < T. 

m(ir, A) < C-[r : A] 1 "". 
As a consequence we obtain the following: 

1.10. Corollary. Let G and T be as in Theorem ] 1 . 9[ Suppose that 

\k- ^dimX| > 5(G). 

Then there exist constants a > and C such that for every torsion free congruence 
subgroup A < T, we have 

b k {A) < C ■ voliAXX) 1 -". 
Theorem ll.9l is a consequence of the following, which is of independent interest. 

1.11. Theorem (Theorem 15 .4[) . Let G be a k-simple, simply connected algebraic 
group defined over a number field k. Let O be the ring of integers in k. Then there 
exists some finite index subgroup T C G(0) and some positive constants e and C 
(depending only on T and some fixed word metric on it) such that any element 
g G r — {1} fixes at most e^'iV 1 ^ 6 points in any transitive action of T on the 
cosets of a congruence subgroup of index N in T. Here \g\ is the length of g in the 
fixed word metric ofT. 

Theorem 11.111 leads to the following effective version of Theorem 1 1.51 that allows 
us to prove Theorem 11.91 

1.12. Theorem (Theorem I5.2j) . Let Tq C G be a cocompact arithmetic lattice. 
Then there exist positive constants c and fi depending only on To, such that for any 
congruence subgroup T C Tq and any R > 1 we have: 

vo\((T\X) <R ) < e^voKlAX) 1 ^. 

Growth of Reidemeister torsion. When the fundamental rank 6(G) is positive, 
the symmetric space X is L 2 -acyclic. It is then natural to investigate a secondary 
invariant such as the L 2 -torsion of X, see [7TJ[T7]. This is known to be non- vanishing 
if and only if 5(G) = 1, e.g. in the case G — SL2(C). We study i 2 -torsion for BS- 
convergent sequences in Section [TU1 see in particular Theorem 110.91 
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In this introduction, we stress the particular case of compact orientable hy- 
perbolic 3-manifolds. Given such an M we denote by a ca n the discrete faithful 
SL/2(C)-representation of mM. The corresponding twisted chain complex 

C*(M) ® z[7riM] C 2 

is acyclic [55] and it follows that the corresponding Reidcmcister torsion 

r(M,a can ) el* 

is defined. 

1.13. Theorem (Theorem I10.9[) . Let (M n ) n be a uniformly discrete sequence of 
orientable compact hyperbolic 3-manifolds which BS-converges toward H 3 , then: 

n^+oo VOl(iv2 n J lz7T 

The role of IRS. An important tool in our project is an invariant random subgroup 
(hereafter IRS) which is by definition a conjugacy invariant probability measure on 
the space Subg of closed subgroups of G. We refer the reader to [TJ [Ml 1114] for 
other recent works that make use of this notion. Any lattice T < G corresponds 
to an IRS fir supported on its conjugacy class T G . It turns out (see Theorem I2.6[) 
that if G is a connected simple Lie group then any non-atomic IRS is supported on 
discrete subgroups (hereafter called a discrete IRS). Every discrete IRS gives rise to 
a probability measure on the space of rooted metric spaces mentioned above, and it 
turns out that the restriction of the weak topology from Prob(Subc) to the set of 
discrete IRS's coincides with the Benjamini-Schramm topology on this space. We 
refer the reader to Section [3] for more details. 

Denote by fie and fin the atomic measures supported on {G}, {Idc} respectively. 
The following is a variant of Theorem II .51 stated in the language of IRS's: 

1.14. Theorem (Theorems 14.21 and 14. 4|) . Let G be a connected higher rank simple 
Lie group. Then: 

• The ergodic IRS's are exactly fiGt^id o-nd fir where T is a lattice in G. 

• The set of ergodic IRS's is compact and its only accumulation point is flu- 

The first part of Theorem 11.141 is a consequence of the Nevo-Stiick-Zimmer 
rigidity theorem [TT01I88] . 

The picture is much wilder in rank one. For example, starting with a lattice 
r < G and an infinite index normal subgroup A < T, one can induce the measure 
on r\G to an ergodic IRS supported on the conjugacy class A G . More generally, 
any IRS in T can be induced to an IRS in G. Thus, if T admits a free quotient 
one may construct uncountably many ergodic IRS's in T and induce them to G, see 
Section HU 

We will also show in Section [13] that SO(n, 1) admits IRS's supported on discrete 
groups each of which is not contained in any lattice. In dimension 2 one can 
give an elementary construction using Fenchel- Nielsen coordinates, while the higher 
dimensional case is more involved and relies on ideas of Gromov and Piatetski- 
Shapiro [57] used in their construction of non-arithmetic hyperbolic manifolds. We 
also construct in Section [12.51 an interesting family of such IRS's of SO(3, 1) that 
are supported on discrete subgroups T that are all isomorphic to the fundamental 
group of a single closed surface. 
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The L 2 -Betti numbers of an IRS. Given a discrete IRS fi we define its L 2 - 
Betti numbers (/i), < k < dim(X), in Section [5J In contrast to the L 2 -Betti 
numbers of X, these can be non- vanishing outside the middle dimension. In that 
context we prove an analogue of Luck approximation theorem |70j along uniformly 
discrete BS-convergent sequences. 

1.15. Theorem (Theorem 18. 6p . Let M n be a BS-convergent uniformly discrete se- 
quence of closed X -manifolds. Then, for each integer k, the sequence bk{M n ) / ' vol(M n ) 
is convergent. Moreover, if we denote by [i the limit IRS associated to the sequence 
M n , then 

b k (M n ) _ fl(2) , 
ol{M n 



„ lim DtJ \ = $k 0") (0 < k < dim(X)). 



Acknowledgments. This research was supported by the MTA Renyi "Lendulet" 
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2. Invariant Random Subgroups 

Let G be a locally compact second countable group. We denote by Subg the set 
of closed subgroups of G. There exists a compact, metrizable topology on Sub^, 
the Chabauty topology 32], which is generated by open sets of the form 

(1) Oi(K) = {H e Sub G : H n K = 0}, for K C G compact, and 

(2) 2 (17) = {H G Sub G : H n U + 0}, for U C G open. 

A sequence (i7 n )n>o in Sub G converges to H G Subc if and only if: 

• For every x G H, there exists a sequence (x n ) G G N such that x n G H n and 
x n — > x in G. 

• For every strictly increasing sequence of integers (nk)k>o an d for any con- 
verging sequence x nk —> x such that x nk G H nk , we have x G H. 

2.1. Proposition. Let G be a connected Lie group. Then G is an isolated point in 
Subs if and only if G is topologically perfect. 

Recall that a topological group is topologically perfect if its commutator sub- 
group is dense. So in particular, the proposition implies that if G is connected and 
scmisimple then G is an isolated point in Subg. 

Proof. Suppose that G is topologically perfect. Then by [25l Theorem 2.1] there 
exist d = dim(G) open sets fij., . . . ,0,j C G such that for every choice of d elements 
gi G 0, , % = 1, . . . , d the subgroup (<?i , . . . , gj) is dense in G. Therefore, if H G Sub^ 
intersects each of the Hi, then H — G, and thus nf =1 02(^i) = {G} is open. 

Conversely, if G is not topologically perfect then it surjects on the circle S 1 . Let 
H n be the pre- image in G of the cyclic group of order n in S 1 . Then clearly we 
have that H n converges to G. □ 

We also recall the following well-known fact. 

2.2. Proposition (Theorem 4.1.7, [112j h Let G be a Lie group and let (r„)„>i be 
a sequence of discrete subgroups in G that converges to a subgroup H . Then the 
connected component H° of H is nilpotent. 

We now come to the central definition of this section. 
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2.3. Definition. Let G be a topological group. An invariant random subgroup 
(IRS) of G is a G-invariant Borel probability measure on Subc- 

Here, G acts on Subc by conjugation. We consider the set 

IRS(G) = Prob(Sub G ) inv 

of invariant random subgroups of G endowed with the weak-* (or, vaguely speaking, 
the weak) topology. When G is locally compact, as Subc is compact and the G 
action is continuous, it follows from Riesz' representation theorem and Alaoglu's 
theorem that the space of invariant random subgroups of G is also compact. 

Invariant random subgroups arise naturally when dealing with non-free actions. 
Indeed, the stabilizer of a random point in a probability measure preserving action 
is an IRS. More precisely, when G acts by measure preserving transformations on 
a countably separated probability space f2, the push forward of the measure from 
f2 to Subc via the mapj x i— > G x gives an IRS in G. In that case, we shall say that 
the IRS is induced from the p.m.p action. The following theorem shows that, when 
G is locally compact, every IRS is induced from a p.m.p action. 

2.4. Theorem. Let G be a locally compact second countable group, and let fi £ 
IRS(G). Then [i is induced from some p.m.p action of G. 

When G is a countable and discrete, this was proven in [TJ Proposition 13]. 

Proof. It is enough to prove the statement in the case that fi is ergodic. Let H C G 
be a closed subgroup in the support of [i. Being a locally compact group, Nq{H)/H 
admits a Haar measure. By ergodicity of /z, the isomorphism type of Nq{H)/H as 
a measure space is essentially independent of H — i.e. whether Nq(H)/H is finite 
of a given cardinality, infinite discrete, infinite compact or non-discrete and non- 
compact is independent of H. Let us explain the proof in the case that Nq{H)/H 
is non-discrete and non-compact, as the other cases are similar and simpler. 

Consider the space Cosg = Subc X Gj ~, where (H,gi) ~ (H',g 2 ) iff H = H' 
and g\g 2 x € H, i.e. iff Hgi = H'g 2 . The group G acts on Cosg by 

g-(H, 9l ):= {H\ ggi ). 

Fix a compact subset with an open interior K C G and normalize the Haar measure 
vh of the group Nq{H)/H so that 

max vn{{gK n Nq(H))H/ H) = 1. 

g<=G 

Equip Cose with the measure which is the integration over /i of the measures of 
vh- In more words, consider the projection to the first factor Cosg — > Subc- The 
fiber over H is G/H and we equip it with the Haar measure of Nc(H)/H, so that 
the relative measure is supported on Ng(H) / H . Finally integrate the horizontal 
w.r.t fi. The G action on Cose is then by measure preserving. 

By a general result of Rohlin concerning factors of measure spaces |101j , there is 
an equivalence between the measure space Cose and the product space Subc x R 
with the measure /ixA where A is the Lebesgue measure on M, such that the pro- 
jection Cosg — > Subc corresponds to the projection to the first factor Subc xl-> 
Subc- Consider a standard Poisson process on K with the underlying probability 
space Y identified with the space of countable subsets in R. The isomorphism be- 
tween Cosg and Subc x R allows us to define an action of G on the probability 



'It is well known that the stabilizers are closed subgroups, c.f. [?, Corollary 2.1.20] 
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space SubG x Y. Moreover, under the isomorphism of the fibers K — > Ng{H)/ H , 
the Poisson process in M. is sent to a Poisson process in the group Ng(H) / H . Since 
any locally compact non-compact non-discrete group acts essentially freely on the 
space corresponding to a Poisson process on it, we derive that the stabilizer of a 
random point in the fiber above H £ Subc is just H. □ 

As an example, suppose that H is a closed subgroup of G such that G/H admits 
a finite G-invariant measure; for instance, H could be a lattice in G. In this case, 
we scale the measure on G/H to a probability measure and denote by be the 
invariant random subgroup induced by the left action of G on G/H . 

This construction can be further generalized. Let H be a closed subgroup in 
G, and let N — Ng(H) be its normalizer in G. Suppose that G/N admits a G- 
invariant probability measure. Consider the map G — > Subo given by g i— > gHg~ x . 
Since N is the stabilizer of H, G/N is measurably isomorphic to the orbit of H. 
The push-forward measure on Sub^ is a G-invariant measure supported on the 
conjugates of H, which we denote /i# . This is a slight abuse of notation; indeed, 
if both G/H and G/N admit an invariant probability measure, then we have two 
definitions of /in- However, both these constructions give rise to the same measure. 

If H is a subgroup of G then there is a natural embedding of Sub# into Subc- 
We shall identify Sub^ with its image under this embedding. 

This gives rise to a construction of random invariant subgroups by products. Let 
Hi, H2 be commuting subgroups of G, and let Hi, 112 be invariant random subgroups 
of G which are supported on Sub/^ , Sub# 2 , respectively. By considering /i, as a 
measure on Sub^ (i = 1,2), we obtain a product measure on Sub^ x Sub# 2 . Using 
the map Sub/^ x Sub^ — > Subc defined as (K\, K2) H ► Ki x K2, we push-forward 
this product measure to a measure which we denote fj,i ® (J>2- It is easy to check 
that this measure is G-invariant. 

2.5. IRS's in Lie groups. From now on, unless explicitly mentioned otherwise 
we will assume that G is a connected Lie group. 

The following is a variant of the classical Borel density theorem: 

2.6. Theorem (Borel's density theorem). If G is simple (with trivial center) then 
every IRS with no atoms is supported on discrete Zariski dense subgroups of G. 

A subgroup r of G is Zariski dense if the only closed subgroup H < G that 
contains T and has finitely many connected components is G itself. This coincides 
with the algebraic definition of Zariski density when G has the structure of a real 
algebraic group. One recovers the classical theorem of Borel [35] when /j, is the IRS 
[in associated with a closed subgroup of finite co-volume H < G. 

Although one can prove Theorem 12.61 as one proves the classical theorem (see 
also [1 lOj ) . we give a proof here that makes direct use of Borel's result. 

2.7. Lemma. The only IRS supported on the set of finite subgroups of G is the 
Dirac measure 5{id} ■ 

Proof. Let \x be an ergodic IRS supported on finite subgroups of G. Since G 
has only countably many conjugacy classes of finite subgroups, fx is supported 
on a single conjugacy class, say F G for some appropriate finite subgroup F < G. 
Thus /i induces a finite G-invariant probability measure on the homogenous space 
G/Ng(F). Thus Ng(F) is of finite co-volume in G. By the classical Borel density 
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theorem, Na{F) is Zariski dense. Since F is finite, Ng(F) is algebraic and hence 
Nq(F) = G. As G is connected and F is discrete, we deduce that F is central in 
G. Finally, since G is simple F — {Id}. □ 

Proof of Theorem \2.b\ Associating to a closed subgroup H < G either 

(1) the Lie algebra of the identity component of H, or 

(2) the Lie algebra of the identity component of the Zariski closure of H, 

an IRS induces two Ad(G)-invariant measures, /zi and ^2, on the Grasmannian 
manifold of the Lie algebra g of G. As follows from Furstenberg's proof of the Borel 
density theorem (see [54]) every such measure is supported on {{0},g}. 

The /j,i-mass of g is exactly the mass that the given IRS gives to the atom G, 
which is by assumption 0. Thus [i\ is the Dirac measure supported on {0}, which 
is equivalent to the statement that our IRS is supported on discrete subgroups. 

On the other hand, any Zariski closed discrete subgroup of G is finite. Therefore, 
/-^({O}) is the amount of mass that our IRS gives to finite subgroups of G. By 
Lemma [2.71 this must be 0. Therefore, 1x2 is the Dirac measure supported on g, 
which implies that our IRS is supported on Zariski dense subgroups. □ 

3. Benjamini-Schramm convergence 

Let M. be the space of proper, pointed length spaces up to basepoint preserving 
isometry. In |58j , Gromov defined a notion of convergence of pointed metric spaces 
using a generalization of the Hausdorff metric. Following [301 §3.2], we give a 
variation of his definition that defines a topology on A4 . 

Two pointed metric spaces (X,xq) and (Y,yo) are (e , R) -related, written 

(X,x Q ) ~ s>r (Y,y ), 

if there are compact subspaces X\ C X and Y\ C Y containing the basepoints and 
a relation ~ between X\ and Y\ that satisfies the following properties: 

• B x (x 0l R) C X x and B Y {y ,R) C Y u 

• xo ~ yo, 

• for each x G X\, there exists y € Y\ such that x ~ y, 

• for each y £ Y\, there exists x <E X\ such that x ~ y, and 

• if x ~ y and x' ~ y', then \dx{x,x') — rfy(y, y')l — e - 

This gives a topology on a basis of neighborhoods of (X, xq) is defined by 
considering for each e > and R > the set of proper, pointed length spaces that 
are (e, i?)-related to (A, xq). This is usually called the (pointed) Gromov-Hausdorjf 
topology on A4. Lemma 3.2.4 of [30 shows that this topology on M. is Hausdorff. 

We are mostly interested here in Riemannian orbifolds rather than general length 
spaces. In this case it is often natural to supplement basepoints with frames. A 
frame for a Riemannian orbifold M is an orthonormal basis / for some tangent 
space T 7r (^)M, where n(f) e M. We let M.T<x be the set of all complete, framed 
Riemannian d-orbifolds. A framed (e, R)-relation between (M, f) and (N, f) is an 
(e, i?)-relation between (M, n(f)) and (N, 7r(/')) with the additional assumption 

• exp {J2i=i <*ifi) ~ exp (Yh=i a ^'i) > for all ai, . . . , a n e K. 

If such a relation exists, we write (A/,/) ^ e ,R (N,f), understanding that since 
these are framed manifolds this denotes a framed (e, i?)-relation. As in the pointed 
case, framed (e, i?)-relations induce a (framed) Gromov-Hausdorjf topology on the 
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space MTd- The natural map M.Td — > M is a quotient map onto its image [30j 
Lemma 3.2.8]. 

3.1. Definition. Let Prob(A^) and Piob(AiJ-d) be the sets of all Borel proba- 
bility measures on M. and A4J~d- We call the weak* topologies on Prob(./Vf) and 
Prob(A^J r c j) the pointed and framed BS-topologies, respectively. 

Every complete finite volume Riemannian d-orbifold M produces an element 
Hm € Prob(A^) and an element of Yioh(M.Fd)'- one pushes forward the normalized 
Riemannian measures of M and its frame bundle under their natural maps to M. 
and AiTd, respectively. We say that a sequence (M n ) of orbifolds BS-converges to 
an element /i € Prob(A'f) if the associated measures ((J>M n ) BS-converge to fi. 

As we mentioned earlier in the introduction, BS-convergence is a geometric adap- 
tation of a similar notion of convergence for sequences of bounded degree graphs, 
studied in 13] by Benjamini and Schramm. 

3.2. BS-convergence of locally symmetric spaces. Suppose G is a semi-simple 
Lie group with no compact factors, X = G/K is the associated symmetric space 
and fix once and for all some orthonormal frame fo for X. Then 

discreter<G < — > {T\X,[f }) e MT dl 

defines a one-to-one correspondence between discrete subgroups of G and the isom- 
etry classes of certain framed X-orbifolds in AiTd, where d — dim A. Moreover, 

3.3. Proposition. A sequence (T n ) of discrete subgroups of G converges to a dis- 
crete subgroup T < G in the Chabauty topology if and only if (T n \X, [fo]) converges 
to (T\X, [fo]) in the framed Gromov Hausdorff topology. 

A proof is given in [301 Theorem 3.2.9] or [T^l Theorem E.1.13] in the case 
G = SO(n, 1), but the same argument works in general. 

We call an invariant random subgroup of G discrete if it is supported on discrete 
subgroups of G. One consequence of Proposition 13.31 is that the map 

{discrete IRS's of G} — > Prob(M.F d ) 

that is a homeomorphism onto its image. This gives a geometric interpretation of 
the weak convergence of IRS's introduced in the previous section. 

In the special case where G is a simple Lie group, we obtain from 12.61 and 12.11 
that IRS(G) consists of measures supported on discrete subgroups and an isolated 
point {G}. Thus, we obtain the following corollary. 

3.4. Corollary. If G is a simple Lie group, the total space IRS(G) is homeomorphic 
to its image in the space of nonnegative measures on M.T d with mass at most 1, 
where d = dim(A'). 

IRS's that weakly converge to the atomic measure /ijd have particular relevance in 
this paper. The following lemma gives a geometric characterization of convergence 
to /ijd in the case of measures associated to lattices. 

3.5. Lemma. Let G be a center-free semisimple Lie group without compact factors, 
and let X be the associated Riemannian symmetric space. Suppose that (r n ) rl >i is 
a sequence of lattices in G. Then the following three conditions are equivalent: 

(1) the IRS's /ir„ converge weakly to ji-^, 

(2) the orbifolds T n \X BS-converge to X e M. 
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(3) For every R > 0, when n — > oo 

V n ({x g T n \X I InjRad rnVX (a;) > R}) — ► 1, 

where V„ is the normalized Riemannian measure on T n \X. 

Here, InjRad rn \ x (x) is the injectivity radius ofT n \X at the point x. That is, if x 
is any lift of x to X, then InjRad rn \ x (x) = | min{d(x, 72) | 7 g T„ — {id}}. Also, 
to understand condition (2) observe that as the symmetric space X has transitive 
isometry group all choices of base point yield the same element X g A4 . 

Proof. We will first prove (1) if and only if (3). Pick a proper metric on G. Let 
-B G (id, R) be an open ball around id g G with radius R. Define 

U R C Sub G , U R = {H g Sub G I H n B G {id,R) = {id}}. 

Then each Ur is open in Sub G : to see this, note that using the exponential map and 
taking powers one can show that there is some small e > such that any subgroup 
H that intersects B G (id, R) nontrivially must also intersect B g (id, R)\Bq (id, e) 
nontrivially. Therefore, any limit of subgroups outside Ur is also outside Ur. 
The sets Ur form a basis of open sets at {id}. Hence, fir n — > A*id if and only if 

lim UtAUr) = 1 for all R > 0. 

n— >oo 

We now want to relate /j,r n (Ur) to the probability mentioned in the statement of 
the lemma. Note that there are functions R' = R'(R) and R" = R"(R) such that 

d([id],5[id]) > R' in X d(id,g) > R in G d([id],. 9 [id]) > R" in X, 

with R' , R" — > 00 as i? — > 00. (More explicitly, one can choose a metric on G such 
that i?' = R + 1 and R" = R - 1). 
Fix now some T n . If g g G then 

d( 7 [ff], [5]) > i?', V 7 g r„ => gr^g- 1 e[/ H ^ d(7[ff], [9}) > R", v 7 e r n . 

It follows immediately from this and the definition of local injectivity radius that 

tw > \r' => g^ng- 1 g tffl => > ii?" 

Now, consider the G-invariant probability measure on T n \G. Pushing forward this 
measure to Subc by the 'stabilizer' map gives ^r„ , while pushing it forward under 
the projection r„\G — > T n \X gives V n . Therefore, 

V n ({x G T n \X I InjRad rn \ G (a;) > 2R'}) < ^(Ur) < 

< T n ({x g T n \X I InjRad rAG (x) > 2R"}) 

and we therefore obtain that (1) holds if and only if (3) holds. To finish the claim, 
note that (1) implies (2) because the map IRS(G) — > Prob(A'J) is continuous. 
Furthermore, (2) implies (3) by an argument similar to the above: for sufficiently 
small e, every pointed space (r„\X, x) that is (e, R + l)-related to X has injectivity 
radius at least R at x. So, if the measures on M. associated to T n \X BS-converge to 
an atomic measure on X then the probability that a point x € T n \X has injectivity 
radius at least R goes to 1. □ 
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Remark. Define a pointed (not necessarily complete) Riemannian manifold {B,p) 
to be a sample ball if B has finite diameter. In general if the IRS's p n = /ir„ 
converge weakly to some IRS p^ then, for every sample ball (B,p) and R > 0, and 
arbitrarily small e > 0, the probability that for a /z„-random discrete L € Sub^ 
the pointed ball (B r \ G (id, R), [id]) is (e, R) -related to (B,p) converges to the ii^- 
probability of this even. As we already pointed out this notion of limit was first 
introduced by Benjamini and Schramm. In the context of Riemannian manifolds 
it was first introduced in [2J; the same notion is studied, in a somewhat different 
context, in [55]. General references studying related notions are [Hfl [551 155] . 

4. IRS'S IN HIGHER RANK 

As in the previous section, suppose that G is a center free semisimple Lie group 
without compact factors, and let X — G/K be the associated Riemannian sym- 
metric space. We say an IRS is irreducible if every simple factor acts ergodically. 
When G has higher rank and Kazhdan's property (T) we prove the following strong 
result using the Nevo-Stuck-Zimmer rigidity theorem (see below): 

4.1. Theorem. Let G be a center-free semisimple Lie group of real rank at least 
2 and with Kazhdan's property (T). Let fi be a non-atomic irreducible IRS of G. 
Then n = p,r for some irreducible lattice T < G. 

Recall that a simple Lie group of R-rank at least 2 has property (T) by Kazhdan's 
theorem [TUJ Section 1.6] and a rank-1 simple Lie group has property (T) if and 
only if it is locally isomorphic to Sp(n, 1), n > 2 or i*4(_2o) by Kostant's result 
[TUl Section 3.3]. A semisimple Lie group has property (T) iff all its simple factors 
have (T) . By the arithmeticity theorems of Margulis and Corlette-Gromov-Schoen 
[74l [37J [72] , if G has property (T) then all its lattices are arithmetic. 

When all the simple factors of G are of real rank at least 2, one can furthermore 
classify all the ergodic invariant random subgroups of G as follows: 

4.2. Theorem. Let G be a connected semisimple Lie group without center, and 
suppose that each simple factor of G has WL-rank at least 2. Then every ergodic 
invariant random subgroup is either 

(1) j-iN for a normal subgroup N in G, 

(2) //a for a lattice A in a normal subgroup M of G, or 

(3) products of the previous two measures, where N and M commute. 
Explicitly, if p is an ergodic invariant random subgroup, then there are commuting 
normal subgroups N, M in G and a lattice A in M such that p = /ttjv® Pa = IJ-NxA- 

We shall prove Theorems 14.21 and 14 . 1 1 by making use of the following fundamental 
result of Nevo, Stuck and Zimmcr, which is a particular case of [1 101 Theorem 4.3]. 

4.3. Theorem (Nevo-Stuck-Zimmer). Let G be a connected semi-simple Lie group 
without center, such that each simple factor of G has M.-rank at least 2 or is iso- 
morphic to Sp[n, 1), n > 2 or F 4 ^_ 2 q). Suppose that G, as well as every rank one 
factor of G, acts ergodically and faithfully preserving a probability measure on a 
space X . Then there is a normal subgroup N < G and a lattice T < N such that 
for almost every x £ X the stabilizer of x is conjugate to T. 

Let us mention that some new results in the spirit of Theorem 14.31 were estab- 
lished recently in [?]. 
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Proof of Theorems \4-l\ and \4-2\ Let's assume that G has R-rank at least 2 and 
Kazhdan's property (T). At various points in the proof we will mention how the 
assumptions of Theorem 14.21 imply a stronger conclusion. In the following, let /z be 
an ergodic invariant random subgroup of G. 

Suppose first that the action of G is faithful. By |4.3l we obtain a normal subgroup 
N and a lattice T < N such that the stabilizer, i.e. the normalizer, of a /x-random 
subgroup is conjugated to T. We claim that N = G. Indeed, the direct complement 
M of N in G normalizes every conjugate of any subgroup of F. Hence M fixes almost 
every point in Sub^ and as the action is faithful M is trivial. 

Next we claim that if A is a subgroup of G whose normalizer is T then [r : 
A] < oo. Recall the Margulis Normal Subgroup Theorem: a normal subgroup of an 
irreducible lattice in a semisimple Lie group with R-renfc > 2 is either central or is a 
lattice. In our cases, the assumptions of Theorem 14.11 implies that F is irreducible, 
but the assumptions of Theorem 14.21 does not. However, by [HH1 Theorem 5.22], 
there is a decomposition of G as a product of normal subgroups Y[ G; such that 
T. L := rnG; is an irreducible lattice in G, and \\Vi has finite index in T. Note that 
by the assumptions of 14.21 R-rank(G,) > 2 for every i. Moreover, the projection of 
A to each Gi cannot be trivial since T is the full normalizer of A. By considering 
the commutator \Ti, A] one deduces that Aj := A n Gi is nontrivial for every i. By 
the normal subgroup theorem Aj is of finite index in I\ as the latter is center free. 
Therefore Yi^-i an d hence also A is a lattice in G — J\Gi. 

We have shown that a /i-random subgroup in Subg is a lattice. It is proved 
in [110] that the action of G on the subset of lattices in Subg is tame (i.e., the 
Borel structure on the orbit space is countably separable). In particular, an ergodic 
measure supported on this subset must be supported on a single orbit. Thus /i = /ia 
for some lattice A. In particular, this finishes the proof of Theorem 14. II 

We know finish the remaining cases of Theorem 14.21 when the action is not 
faithful. Let N be the kernel of this action. If TV = G then fj, is supported on a 
normal subgroup of G, and we are done. Otherwise, take a direct complement M 
of N such that G ~ N x M. 

We note that a subgroup normalized by N has a certain decomposition as a 
direct product. To this end, suppose that a subgroup H <E Subc is normalized 
by a simple factor L of N. By simplicity, either H contains L or L PI H = 1. In 
the latter case, L and H commute, and thus the projection of H to L is central, 
and hence trivial. It follows that if H is normalized by ./V then it decomposes as 
H = Hm x Hm where Hm '■= H n N is a product of simple factors in N, and 
H M :=Hn M. 

As there are finitely many possibilities for Hn, this factor of the decomposition 
is independent of H, by ergodicity. That is, there exists a normal subgroup L < N 
such that H = Lx (HUM) for almost every H £ Subc;. Thus, fj, = [iL<g>n' where // 
is an invariant ergodic measure supported on the image of Subjv/ in Subg. Since M 
acts faithfully and ergodically on (Subjvfj mOj we deduce from the previous case that 
fj/ = fiA for a lattice A in M. Finally, it is easy to check that fi = fir, <S) /ia = fiLxA- 
This completes the proof of Theorem 14.21 □ 

The proofs of the uniform approximation results in the higher rank case relies 
on the following: 
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4.4. Theorem. Let G be a center-free semisimple Lie group of R-rank at least 2 
with Kazhdaris property (T). Then /lid is the only accumulation point of the set 

{fir | r is an irreducible lattice in G} . 

We will make use of the following lemma. 

4.5. Lemma. Let X be a compact topological space, and let G be a topological 
group with property (T) acting continuously on X. Let (p- n ) n be sequence of Borel 
probability measures on X that weakly converges to /i,^. // the measures /i„ are 
ergodic, then the limit measure [loo is ergodic. 

Proof. Let 7r„ (resp. ir^) be the unitary representation of G on L§(/i„) (resp. 
Lo(/ioo)- To prove that /ioo is ergodic, we show that Lq(/Xoo) has no G-invariant vec- 
tors. Suppose contrarily that v G L§(^oo) is a non-zero G-invariant with || vll^ = 1. 

We prove that tt = (J) 7r„ almost has invariant vectors. Let Q C G be a compact 
subset and let e > 0. There exists a continuous function w G Lo(A*oo) with H^H^ 
i such that \\v — w\\ < e. By the invariance of v, we have that for every g G G, 
\Woo(g)w — w\\ < 2e. By the convergence of /i„ to /i^ we obtain 

lim \\TT n (g)w - nullum = W^^w - iuL^, 

n— >oo 

for every g S G, and the convergence is uniform on compacta. We also have that 

— HIHUoc = 1) and J wdfi n — ► Jwdfi oo = 0. 

Thus, we can fix some sufficiently large N, such that for every g G Q, 

\\ir N (g)w - w\\ m < 3e, || w|| MJV > 1 - e, \Jwdfi N \<e. 

Take w — w — J w dfiN- Then w G Lq(^jv), and it follows from the inequalities 
above that w is (Q, j-^-)-invariant. The same is true for the image of w in the 
iV-th coordinate of ®Lg(fi n ). Since this is true for every compact Q and every 
e > 0, 7r almost has invariant vectors. 

By our assumption, G has property (T). Hence, n has a non-zero invariant vector 
u. If u n be a non-zero component of it in LQ(p n ), then w n is G-invariant, and it is 
non-zero for some n, a contradiction to the ergodicity of fi n . □ 

Proof of Theorem \4-4\ Fi x a sequence r„ of distinct irreducible lattices in G such 
that (i n := /ir„ weakly converges and let /i^ be the limit measure. An important 
point here is that fioo is ergodic with respect to the action of every simple factor 
of G. By our assumption, if N is any simple factor of G then it has property (T). 
Therefore, by Lemma l4.5l N acts ergodically on fi^. Combining this with Theorem 
14. H we deduce that either fi^ = fijsr for a normal subgroup N < G, or fj,^ = [i\ 
for an irreducible lattice A < G. 

Let us start by ruling out the possibility that fj,^ = /ijv for any connected normal 
subgroup of positive dimension. Since N is not nilpotent, by Proposition 12.21 there 
is a neighborhood U of TV in Subc that does not contain any lattice. Thus, had jj, n 
weakly converged to [In we would have 

= liminf fJ, n (U) > (i N {U) = 1, 

which is absurd. 
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Next, we exclude the case that /loo — Mr for a lattice T in G. By our assumption 
G has property (T). Therefore by a theorem of Leuzinger [68| there is a uniform 
lower bound for Ai(r n \X), the first nonzero eigenvalue of the Laplacian operator 
on T n \X. Furthermore, since (fin) is not eventually constant the co- volumes of r„ 
must tend towards infinity by Wang's Finiteness Theorem [1 161 8.1]. Theorem 14.41 
then follows from the following lemma. 

4.6. Lemma. Let G be a semisimple Lie group, let X be its associated Riemannian 
symmetric space and let T n be a sequence of lattices in G where the covolume ofT n 
tends to infinity and inf Ai(r„\A) > 0. Then the set {fJ-r n } is discrete. 

Proof. Assume that after passing to a subsequence, /ir„ weakly converges to /^r for 
some lattice T in G. As these measures are supported on the conjugates of their 
defining lattices, after conjugations and passing to a further subsequence we can 
assume that T n converges to T in the Chabauty topology. By Proposition 13.31 this 
implies that after a suitable choice of base frames the orbifolds Y n — T n \X converge 
to Y = T\X in the (framed) Gromov-Hausdorff topology. If Y is compact then the 
sequence (r n ) is eventually constant, contradicting the fact that the co-volumes 
tend to infinity. Otherwise, for every S > there is a subset Bs C Y with 

vol(Y) 

— ^ < vo\(B s ) < vol(F) and vo\(dB s ) < 6. 

This implies that for large n, there is a subset B n c Y n such that 
volfFI 

— < vol(B n ) < 2vol(T) and vol(dB n ) < 26. 

As vol(F„) — > oo, we have vol(Y^ \ B n ) — > oo as well. Therefore, for large n the 
Cheeger constant of Y n is at most V ^ Y ) • ^ s ^ was arbitrary, this contradicts the 
uniform spectral gap condition. □ 

In summary, we have shown that the only possible accumulation point of the set 

{/ir | r is a lattice in G} 

is fiid- On the other hand /iid is clearly an accumulation point, since, for instance, 
every lattice is residually finite, and if T n is a normal chain of lattices with trivial 
intersection then obviously T n \X BS-converges to X, and by Lemma 13.51 fj,r„ — > 
yUid- Hence we have proved Theorem 14.41 □ 

4.7. Corollary. Let G be a semisimple Lie group with R-ranfc at least 2 and Kazh- 
dan's property (T) and let (r n )„>o be a sequence of irreducible lattices in G where 
the covolume ofT n tends to infinity. Then T n \X BS-converges to X. 

As a consequence we have: 

4.8. Corollary. Let G and X be as above. Then for every r > and for every 
sequence of X -orbifolds M n with vol(M n ) — > oo one has 

vol{{M n ) <r ) 



vol(M„ 



-> 0. 



These properties will be used in Setion[5] In particular, if (r n )„>o is a sequence 
as in Theorem 11.21 then the hypotheses of i)8.26l are satisfied and we can deduce 
Corollary O from Theorem EM 
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We are also interested in the part of the manifold where the injectivity radius 
is "arbitrarily small", i.e. smaller than a fixed, but arbitrarily small 5 > 0. If 
Margulis Injectivity Radius conjecture is true then for small enough S there is no 
such part and Corollary 11.41 holds unconditionally, i.e. without the lower bound 
assumption on the injectivity radius, when G has real rank at least 2 and property 
(T). However, one do not need the full strength of Margulis' conjecture in order 
to obtain an unconditional version of Corollarv ll.4l Namely, it is enough to obtain 
an explicit (and not extremely slow) estimate on the rate of decay near of the 
function / : R+ -> R+ defined by 

f(r) = sup{ <r ^ : M is an irreducible X-manifold} 

vol(M) 

which is well defined by Corollary |4.8l together with Wang's finiteness theorem. The 
following non-effective result indicates that / indeed decay to 0: 

4.9. Corollary. For G,X and f as above, we have lim^o /(r) = 0. 

Proof. Assume that this is not the case. Then there exists e > and a sequence of 
irreducible lattices r„ in G such that for M n — T n \X we have 

vo\((M n ) <1/n ) 

vol(M n ) 

By passing to a subsequence, we can assume that fj,r„ weakly converges. Let \i be 
the limit measure. By our assumption, a /x-random subgroup A of G satisfies the 
following property with probability at least e: A admits an element 7 such that the 
matrix norm of Ad(7) is bounded between 2 dim(G) and 4dim(G). On the other 
hand, by Theorem 14.41 fi = fj,^, a contradiction. □ 

In Section [6] we will elaborate a bit more about effective versions of Margulis' 
conjecture. 

5. BENJAMINI-SCHRAMM CONVERGENCE FOR CONGRUENCE LATTICES 

Let G be a real simple Lie group, X = G / K its associated symmetric space and 
let To C G be a uniform arithmetic lattice. Then there exists a simple, simply 
connected algebraic group G defined over a totally real number field k such that 
To is commensurable with G(0), the group of integral points of G. The principal 
congruence subgroup of IV 

t (n) = {7 e r n G(0) : 7 = id mod n} 

obviously form a BS-convcrgcnt sequence of lattices in G. One may even quantify 
this observation: 

5.1. Lemma. There are constants a > and b, depending on V , such that for all 
N>1, 

InjRad(To(A0) > a log vol(T (N)\X) + b. 

Here we denote by InjRad(r) the infimum over x G Y\X of the local injectivity 
radii InjRad r \ G (a;). 

The conclusion of Lemma 15.11 does not hold for general congruence latticed as 
shown in the following example. 



4 That is any subgroup which contains a principal congruence subgroup. 
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Example. Let H be a /c-subgroup which contains a semisimple element of G. Con- 
sider the congruence subgroups of Tq : 

{7 e r n G(0) ■. 7 e H(O) mod iv}. 

They form a sequence of cocompact lattices in G whose volumes tend to infinity but 
whose (global) injectivity radius remains bounded (in fact it becomes stationnary) . 

It nevertheless remains true that any sequence of distinct congruence subgroups 
of Tq locally converges toward the trivial group. One may even prove the following 
quantified version of this statement: 

5.2. Theorem. There exist positive constants c and 5 depending only on Tq (and 
G ), such that for any congruence subgroup T C Tq and any R > 1 we have: 

vol((r\X)<fl) < e cB vol(r\X) 1 - 5 . 

5.3. We first reduce the proof to the case where Tq is some finite index subgroup 
ofG(O): 

Let r C Tq be a congruence subgroup and denote by M the corresponding X- 
manifold T\X. Set r' = T n G(0) and M' = T'\X. Let p : M' -> M be the 
covering map and m := [Tq : Tq n G(0)]. Then [T :T']<m and p is of degree at 
most m so that for any x € M and x' € M' with p(x') = x we have: 

InjRad M ,(x') ^ {x) < InjRad (a;) . 

TO 

In particular: 

\ / Vol((Af )<mft) , xr i//7i # \ \ 

Vol(M <fl ) < _ r < Vol((M )< m je). 

In turn [G(O) : T'] = [G(0) : T n G(O)][r n G(O) : T] < [L : L]m' where 
to/ = [G(O) : Tq n G(0)] . Hence by incrasing the constant c (by m+(l — S) log to') 
it is sufficient to prove Theorem 17.201 in the case when To = G(0) or some finite 
index subgroup. 



The proof of Theorem 15.21 will now follow from the following: 

5.4. Theorem. Let G be a k-simple simply connected algebraic group defined over 
a number field k. Let O be the ring of integers in k. There exists some finite 
index subgroup T C G{0) and some positive constants e and C (depending only on 
T and some fixed word metric on it) such that any element g G T — {1} fixes at 
most 

e Cl(9) N l- 

" e points in any transitive action of T on the cosets of a congruence 
subgroup of index N in T. Here 1(g) is the length of g w.r.t. the fixed word metric 
ofT. 



We postpone the proof of Theorem 15.41 and first show how it implies Theorem 
1531 



5.5. Proof of Theorem 15.21 According to $b.'d\ we may assume that Tq is the 
finite index subgroup of G(0) given by Theorem l5.4l Let r C Tq be any congruence 
subgroup. 

Let C X be a compact fundamental domain for the action of Tq on X and let 
p : M = T\X —> Mq = Tq\X be the covering map. We will identify the elements 
of M (resp. Mq) with the orbits of T (resp. Tq) on X. 
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Suppose that y € M has InjRad M (y) < R. Let x be a lift of y in X, i.e. 
y = Tx £ T\X. We have that d(x, jx) < 2R for some 7 e T. 

Now let g be the unique element of To such that g~ 1 x = xq £ il. We have: 

d(x,jx) = d(x ,g~ 1 ^x) = d{x ,j 9 x ) < 2R 

where j 9 = g~ x "ig. Since moves the point xq of f2 to a point of distance at most 
2R from it and since is compact it follows that l("f 9 ) < C'R for some constant 
C depending only on the choice of fl and a generating set (fixed by the choice of 
the word metric in Theorem 15 .4[) of To . 

Now, given the element Xq G f2 and a nontrivial 70 £ To with l("fo) < C'R 
suppose that for some x — gxo £ X (g £ Tq) there exists 7 £ T with d(x, jx) < 2R 
and 7 9 = 70. Then g~ 1 jg = 70 so that Tg = Tgj. The number of Inequivalence 
classes of points x — gxQ in Txq as above giving rise to the same 7 is therefore 
equal to the cardinal of the set fix(7o, To/I") of fixed points of 70 acting on Tq/T. 

Therefore 

Vol(M <fl ) < Vol(fi) |fix(7o,r /r)|. 

0</(7o)<C'fl 

In turn by theorem 15.41 

|fix( 7o ,ro/r)|<e c '^[r :r] 1 - e 

and there are at most e c R elements 70 with < l(jo) < C'R which combine to 
give the desired bound for large enough c. □ 

5.6. The proof of Theorem 15.41 takes up the rest of this section. For simplicity 
of argument we first assume that G is absolutely simple and defined over Q and 

o = z. 

Fix a prime number p. Let G p — G(Z p ) be the congruence completion of G(Z) 
with respect to the p-adic topology. For m > 1 let G p {m) be the principal con- 
gruence subgroup mod p m , i.e. the matrices in G p which are congruent to the 
identity mod p m . For almost all primes p we have that G p /G p (l) is a finite simple 
group over ¥ p (modulo its centre) while for i > 1 the factors G p (i) / G p {i + 1) are 
all isomorphic to a simple Lie algebra Lq. Let us call these primes good and the 
complement bad. In all cases the Z p -Lie algebra C of G is such that Q p ®z C is a 
simple finite dimensional Lie algebra. Therefore there is some integer fi £ N such 
that the following holds: 

(1) [£, C] D p^C, and 

(2) If x £ p n C — p n+1 C then the ideal generated by x contains p n+ ^C. 

Define L = C/p 1+ ^ p C, then for n sufficiently large, say n > \i we we have that 
G p (n) /G p (n+l+[i) ~ L and the commutator map (x,y) 1— > [x, y] from G p (n) /G p (n+ 
/i + l) x G p (m)/Gp(m + [i + l) to G p (n + m)/G p (n + m + ^ + 1) can be identified with 
the Lie bracket of L. Therefore [G p (n), G p (mj\ > G p (n + m + /i) for all n,m > /1. 

We set /i = fj, p for bad primes p and set /i p = for good primes p. 

Let px,...,p a be the bad primes of Z with associated integers \ii = [i Pi . We will 
prove that the principal congruence subgroup 

r = {. 9 £ G(Z) : g = id mod p\^ ■ ■ -p 2 f- } 

satisfies the conclusion of Theorem l5.4l From now on we fix an element g £ F\{1}. 
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5.7. Denote by T(m) the kernel of the homomorphism T — > G(Z/?tiZ). For a 
prime p we let n p be the integer n such that g £ T{p n ) — T(p n+1 ). We have that 
lip Pp divides the coefficients of the matrix of g — 1 and hence (compare lemma [STTj) 

(5.7.1) Y[p n ? < e Cll(9) . 

p 

for some constant C\ depending only on T. Also by the definition of T we have 
that n p > 2/ip for all bad primes p. 

Given a congruence subgroup V of T we want to compute the fixity ratio 

a w> r / r ) = — pTTp^ — 

of g on the right cosets of T' in T. Any congruence subgroup of T contains some 
T(m). We may therefore assume that T' is the preimage Th in T of a subgroup H 
of f := r/r(m) for some integer m £ Z. And it follows from Lemma T5. II that we 
are reduced to show that there exists some positive constants C and S depending 
only on T such that 

(5.7.2) a(g,T/H) < e cl ^[f : H\~ s . 



5.8. We have V = ]]° =1 T/T(p a / ) where m = p\ x ■ ■ ■ p a s ° . Let M Pj be the projection 
of H on to the factor T/T(p^ J ) of T and let M Pj be the preimage of M Pj back to 
f . Wc have that H < ]J s j=1 M P] and so 

S S 

(5.8.1) a(g,r/H)<a(g,f/l[M Pj ) < JJ a(g, f /M Pj ). 

3=1 3=1 

Let aij = [f : Clearly N = [f ; H] > x x ■ ■ ■ x s . 

5.9. Lemma. There are positive constants <5i,ei depending on T, such that 

eiiV 51 < xi • • -x s . 

Proof. Let Ti = T(pi • • -p s ) then Li := ri/r(m) is a finite nilpotent group and 
H n Ti is the direct product of its projections onto its Sylow subgroups. Since 

[T:H} = [T:HT 1 ][T 1 : H nTj, 

it is enough to prove the special case when if = -HTi i.e. H > Ti. Then H/Ti < 
T/Ti = Yii—i Spi where S Pi — T/T(pi). Now Si is a finite quasisimple group and 
Sj/Z(Sj) is the Frattini quotient of r/r(p°j 3 ) for all but finitely many primes, see 
69J Lemma 16.4.5. Therefore for all but finitely many primes we have that M Pj is 
a proper subgroup of Sj . The group S Pj is a finite quasisimple group of Lie type of 
bounded rank and therefore by [7] there is some 5\ > depending only on dim£ 
such that for these j we have Xj — [S Pj : M Pj ] > \S Pj \ Sl . Since [T : H] < YVj =1 \S Pj \ 
the lemma follows with e\ = Yijex I^Pjl -1 wri ere X is the list of finitely many 
exceptions. □ 
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5.10. Lemma 1531 reduces the proof of (|5.7.2|) to its local counterpart at each prime 
p. This is the content of Proposition l5.11l to follow. Here we explain how to conlude 
the proof of Theorem 15.41 assuming Proposition 15.111 

By Proposition 15.111 applied to T/M Pj we have that for some constants C\ and 
82 > depending only on T 

Multiplying these for j — l,..,,s and using (|5.8.1[) . (|5.7.1[) and Lemma [531 we 
obtain 

a{g,t/H) ■ \[/r h (f[x s ) " < e^Kg)^^-^^ 

By increasing C\ we obtain the desired bound (|5.7.2[) and Theorem 15 .41 follows. □ 

5.11. Proposition. Let e > and g S G p (n)\G p (n + 1). Ifp is a bad prime assume 
that n > 2/i. 

Define s to be the integer such that p~ s < e < p 1_s . Suppose H is an open 
subgroup of G p such that the fixity of g on G p /H is at least e. Then H > G p (ms + 
n + 2p) and so [G p : H] < p("»s+«+ 2 /*) dim &p . Moreover the integer m is at most 
p dim G p . 

Proof. Let H be an open subgroup of G p and suppose that g e G p (n)\G p (n + 1) 
has at least e[G : H] fixed points on G/H. We can pick m conjugates gi, . . . , g m of 
g with to < CdimG for some constant C such that their images g~i — giG p {n + 1) 
generate the simple G p -module G p (n) / G p (n + 1). Of course gi,...,g m have the 
same fixity ratio on G/H. Therefore: there exist subsets % of the cosets of G/H 
of sizes at least e[G : H] such that gp C H . 

Now choose a big integer N — bigger thar0 C(m + l)(s + 1) — and such that 
G P {N) < H and let Y t be the preimage of % in G P /G P (N), i.e. ^ = %/G^N) 
(recall that Yi is a union of cosets of H). Thus Yi is a subset of G P /G P (N) of 
proportion at least e and we have that (g i *) < 

Now we use the following obvious fact. For a subset X of G p let us write 



Px(k) 



\XG p (k)/G p (k)\ 



[G p :G p {k)\ ■ 

This is the proportion of the image of X in G p /G p (k). 
5.12. Fact. We have px(k + 1) < px(k)qx(k) where 

Since p s > e _1 , the proportion of 1^ in G P /G P {N) is at least We claim that 
there exists somqj 2/i < k < 2/i + sm such that qYi(k) > 1/p for alii = 1, . . . , d. 
Indeed otherwise we have that for any k in that interval py^k + 1) < PYi{k)/p 
for some i = i{k) and since there are ms values of k this implies that some index 
i E {1, . . . , to} will show up at least s times as i(k) and thus py i (N) < p~ s < e for 
some i, contradiction. 



^Recall that s is an integer such that p 3 > e 1 > p 3 1 . 
^Recall that p = p p . 
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Therefore there must exist some k between 2fi + 1 and ms + 2/i such that for 
each i — 1, . . . , m there is some ai € G p such that 

\(a t G p (k) n Y t G p (k + 1))/G p (k + 1)| 

[G p (k):G p (k + l)} > /P 

This means that the image YiG p (k + l)/G p (k + l) of Yi mod G p (k + 1) contains (ZjVi 
for this ai e G p and a subset Vi C G p (k)/G p (k + 1) of proportion more than 1/p 
containing 1. It is clear that such a subset of G p (k)/G p (k + 1) contains a spanning 
set for this Frattini quotient, and is therefore a generating set for G p {k). 

Now part 2 of Lemma l5.13l below gives that (g^ 1 , g% 2 , ■ • ■ , ffm m ) > G p (k+n+2/i) > 
G p {ms + n + 4/i) and consequently H > G p (ms + n + 4/i) whence [G p : /f] < 

p(ms+rt+4/i) dim G rj 

5.13. Lemma. Let n,k G N wif/i fc > 1 and assume that n,k > 2fi if p is a 
bad prime. Let X\,X%,... ,x m € G p (n) be such that (xi, . . . ,x m )G p (n + fx + 1) > 
G p (n + /i). 

(1) Suppose that for i — 1,2, ... , m t/te subset Vi C G p (k) contains 1 and 
(Vi)G p (k + 1) = G p (k). Then for any a\, . . . a m € G p (l) w;e ftane i/iai 



([xi, Viai], . . . , [x m , V m a m ])G p (n + fc + 2/i + 1) > G p (n + + 2/i). 

(2) Now suppose that Yj C G p {k) (i = 1, . . . , m) are m subsets such that Viai C 
Yi where Vi } . . ■ V rn are as in 1. Then the closure of {x-y 1 , . . . , x%™} in G p 
contains G p (n + k + 2/i). 

Proof. 1. Note that for any j), £ Vj we have [2^,?;^] = [xi,?^]^,^]"*. Now 
[xi,ai] Vi — [xi,ai] mod G p (n + fc + l) so that modulo G p (n + fc + l) the commutator 
[xi,Ui] belongs to the group generated by [xj, Via*]. The claim then follows from 
proposition 15.141 for good primes and by proposition 15.151 for bad primes which we 
state and prove below. 

2. From the assumption on Y it follows that [xi, Viai] C (xf*) and so by part 1 
the group (xj 1 , • • • , x^J™) in G p contains G p (n + k + 2/i) modulo G p {n + k + 2/i + 1). 
It remains to note that G p (n + fc + 2/i + l) is the Frattini subgroup of G p (n + fc + 2/i) 
[69] Corollary 16.4.6. □ 

5.14. Proposition. (1) Let L be a perfect Lie algebra and suppose that x%, . . . x^ S 

L span L as a vector space. Then 

k 

^2[xi,L] = L. 

4=1 

(2) Ifyi,...yh are generators of a group T acting on an F p [T} - module W such 
that W = W(G - 1) then 

k 

Y J W{l~y l ) = W. 

i=i 

Proof. This is immediate. □ 

5.15. Proposition. (1) Let x € G n — G n+ i and assume n > 1 if p is a bad 

prime. Then some m < fi dim G conjugates of x generate a group U such 
that UGn+^+i > Gn+fj,. 
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(2) Let X,Y C G be such that G n > {X)G n+ ^+i > G„ +Al and (Y)G k +i = G k . 
Assume that n,k> 2/x. Then ([X, Y])G n +k+2^+i > G n +k+2n- 

Proof. 1. By the choice of /i the closure of x G C G n contains G„+ M . Now 
Gn/Gn+n+i has size p(A I + 1 ) dlmG an d so we can select at most (/i + 1) dimG conju- 
gates of x which generate (x G )G n +p,+i > G„+ M . 

2. Consider the map G n /G n +2 fJ ,+i x Gk/Gk+2^+1 -> G n +k/G n+ k+2 fJ ,+i induced 
by (a, b) 1— > [a, &]. The factor groups G n /G n +2^+i and Gk/Gk+2fj,+i are abelian and 
hence the image of [X, Y] generates [(X), (Y)] mod Gk+n+2^+1 which contains 

G n +n Gfe 
_G„+2/j+i' Gk+fi+i 

by the choice of \i. □ 

Remark. Let T be an arithmetic lattice that has the Congruence Subgroup Prop- 
erty and also satisfies Strong Approximation. Then one can prove uniform BS- 
convergence for finite index subgroups of T without having to use Theorem 11.51 
Indeed, let r„ be a sequence of finite index subgroups of T with index tending to 
infinity. Assume the associated IRS's do not converge to 1. Then a subsequential 
weak limit converges elsewhere, call this limit fi. Now by the Congruence Subgroup 
Property, the r„ are congruence subgroups and hence /i is supported on congruence 
closed subgroups of T. Let H be a /i-random subgroup. Then by Theorem 12.61 H 
is Zariski dense. By Strong Approximation, the congruence closure of H, which is 
equal to H, has finite index in P. This is impossible, since the index of H n tends 
to infinity. 

6. Some speculations around Margulis' injectivity radius conjecture 

Recall that by a conjecture of Margulis, the set of all torsion-free irreducible uni- 
form lattices in a high rank semisimple Lie group G is uniformly discrete. Equiva- 
lently, all irreducible compact manifolds modeled on X = G/K have at every point 
a local injectivity radius which is uniformly bounded away from zero. Corollary 
14.81 may be thought of a probabilistic "evidence" towards this conjecture. Indeed, 
it states that the proportion of the r-"thin" part — which, by the conjecture, is 
empty for r sufficiently small — approaches zero as volume tends to infinity. A 
different approach to the conjecture is to consider the number of "short geodesies" . 
By the conjecture, there exists a constant r = t(X) > such that there are no 
closed geodesies of length < r in any irreducible compact manifolds modeled on X. 
As a step in this direction we would like to prove that there is a constant r > 
so that the number of closed geodesies of length shorter that r in a sequence of 
X-manifolds grows sublinearly with the volume. Before addressing this simpler 
question we first discuss the stronger: 

6.1. Conjecture. There exist some positive constants e and a such that 

sup #{{7>r : 7 e T, mind 7 < e} < V 1 - 01 . 
r : voi(r\x)<u 

Here T varies among arithmetic lattices, {^}r is the conjugacy class ofT inT and 
d~y '. x 1 — y d(^x,x) is the displacement function of 7. 

Remark. The proof of Conjecture 16.11 would suffice to get rid of the hypothesis on 
the injectivity radius in Corollary II .41 



> G n +k+2n 



Gjh 



fc+2u+l 
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6.2. Assume that G is adjoint. Let To be a torsion-free uniform arithmetic lattice 
in G. Then there is a compact extension G x L, a Q-rational structure on the Lie 
algebra g x [ and some choice of Q-basis of (q x [)q such that Tq is the projection 
of a lattice r in G x L contained in 

(G x L) z := (GxL)n GL( x L Z). 

The characteristic polynomial p 7 of any 7 G L is a monic integral polynomial of 
degree n = ddimG where d is the degree of the field of definition of T. 

We first recall some general definitions and facts on monic integral polynomials. 

6.3. Monic integral polynomials. Let p be a monic integral polynomial of degree 
n and let 

p(x) =(x-ai).,.(x- On) 

be its factorization into linear factors over C. Denote by m(p) its exponential Mahler 
measure 

m(p) = Y[ Kl- 

Kl>i 

The following is known as Lehmer's conjecture. 

6.4. Conjecture. There exists a constant rj > such that if p(x) is an integral 
monic polynomial with m(p) 7^ 1, then m(p) > 1 + 77. 

As explained in [551 §10], for every positive n there exists a positive e such that 

(6.4.1) {g G G : g is semisimple and minc? s < e} C {g G G : m(p g ) < 1 + rf\. 

In particular: Lehmer's conjecture implies Margulis' conjecture and therefore Con- 
jecture [ITU 

Lehmer's conjecture is wide open but some good bounds on m(p) are known that 
allow to bound many arithmetic quantities related to p. In the next paragraphs we 
relate these bounds to Conjecture 16.11 

We first bound the number of distinct (G x L)-conjugacy classes {j}gxl in T 
which correspond to geodesies of short length: 

6.5. Proposition. There exist some positive constants e, C and a such that 

#{{7}gxl : minrf 7 < £ }<G< 1+ai£ ^). 

Proof. Any semisimple element g G G x L can be conjugated into a diagonal ma- 
trix, its conjugacy class is then determined by its eigenvalues and therefore by 
its characteristic polynomial. Now the characteristic polynomial of any element 
7 G L C (G x L)x is a monic integral polynomial p 1 of degree n — <idimG. We can 
therefore apply the following lemma which is due to Dubickas and Konyagin [48] . 

6.6. Lemma. There exists some constant 8 > 1 such that the number of integer 
polynomials of degree n and Mahler measure at most 9 is bounded by 

r ( 1+16 l° fe ^»)^ 

Taking 77 = 8 — 1 in (|6.4.ip we conclude that 

#{{7}gxL : mind 7 < s} < r^ 161 ^) . 
And the proposition follows by setting G = 8 dlmG . □ 
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According to the Prasad volume formula [23], as the field of definition K of T 

— dim G 

varies, the main term in the asymptotic behavior of the volume of T\X is 
Now recall Minkowski's bound: 



d d /7rx d/2 2 
- K ■ 

From this and Proposition ^. 51 we may easily conclude that there exist some positive 
e and a such that 

sup #{{7}gxl : 7 G T, mind 7 < e} « V x ~ a . 
r : voi(r\x)<v 

To prove Conjecture 16.11 it would therefore remain to bound the number of 
different T-conjugacy classes in a fixed [G x L)-conjugacy class. This is a class 
number and — as usual with those — it is harder to get a good general bound. 
Even in simple cases what we manage to prove ended to fail just short to prove 
Conjecture 16. II We leave to more competent people the task of proving Conjecture 
16.11 using such techniques. Instead, in the following paragraphs we prove sublincar 
growth of the number of closed geodesies of small length by bootstrapping the 
proofs of known results that bound the number of short geodesies by the volume of 
a manifold. We first exemplify this in a simple case. 

6.7. Proposition. Let X be a rank 1 Riemannian symmetric space. There exists 
a constant r = t(X) > such that for any sequence of X -manifolds M n = T n \X 
that BS- converges to X , 

simple closed geodesies of length < r in M n } 
urn -. r = 0. 

n->oo V0l(M n ) 



The proposition follows from Corollary 14.81 and the thick thin decomposition; 
Indeed, if e(X) is the Margulis constant, the thin component of every closed geodesic 
of length < e(X)/2 contains an injected e(X)/4-ball (c.f. the proof of [8j Lemma 
10.4]). Thus the number of simple closed geodesies of length < e(X)/2 in M n is 
bounded by C ■ vol((M„)< e (x)) and we can address □ 

In the higher rank case, the set of "short geodesies" is considerably more com- 
plicated. In the rank one case, each hyperbolic element has a unique geodesic axis 
whose projection to T\X is a closed geodesic. However, if rank(X) > 2, a hy- 
perbolic isometry 7 has many axes which are parallel. These project to infinitely 
many closed geodesies of the same length. In fact, the set of minimal translation of 
7, which we denote Min(7), is isometric to a product ZxK (with Z non-empty), 
and the action of 7 is a translation on K and is trivial on Z. Thus, instead of 
"short geodesies" we are compelled to consider minimal translation sets, i.e. sets 
of the form Min(7), and their projection to T\X. We denote by Min(7) the projec- 
tion of Min(7) to T\X . We remark that strict containment, as well as non-trivial 
intersections, are possible among these sets. 

6.8. Theorem. Let X be a symmetric space of noncompact type. There exists a 
constant t — t(X) > such that the following holds. For every manifold M = 
T\X there exists a finite set A(Af) C T (canonically defined up to conjugation 
of elements) such that every closed geodesic of length < r in M is contained in 
U<ygA(M) Minify), Furthermore, if M n — T n \X is a sequence of manifolds that 



GROWTH OF L 2 -INVARIANTS FOR SEQUENCES OF LATTICES IN LIE GROUPS 27 



BS-converges to X then 

n^oo V0l[M n j 

The proof is based on the proof of Theorem 12.11 in [5] in conjunction with 
Corollary 14.81 We introduce some notation required to formulate this theorem. 



A hyperbolic isometry 7 is called J-stable (J € N) if Min(7) = Min(7 l ) for 
i = 1, 2, . . . , J. The next lemma asserts that every isometry can be "stabilized" by 
taking some bounded power of it. 

6.9. Lemma (Corollary 12.5 in [5]). For every J £ N there exists J* E N (depending 
on J and X) so that if 7 is a hyperbolic isometry of X then 7* is J-stable for some 
1 < i < J*. 

If 7 is a J-stable hyperbolic isometry and min d 7 < 5, we say that Min(7) is a 
( J, <5)-stable submanifolcQ- Two such submanifolds, Min(7) and Min^'), are said 
to be T-equivalent if Min(7) = Min(7') or, equivalently, if 7 and 7' are conjugate 

in r. 

In [8], an intricate notion of measuring volume, denoted e— ess a — vol, is being 
used. It is a discrete measurement of volume which disregards certain artifacts 
which arise from Euclidean factors. This measurement is applied to quotients of 
submanifolds of X, which are no longer -manifolds. We will make use of two 
properties: 

(1) e— ess a — vol of any manifold is at least 1. 

(2) There is a constant C = C{X) such that e-ess a -vol(Af ) < C ■ vol(M) for 
any X-manifold M. 

Finally, recall that by the Margulis Lemma, there exist constants m € N and 
e(X) > (depending on X) such for every discrete group of isometries A, if A is 
generated by {7 € A : d(x, 72;) < e{X)} then A contains a nilpotent subgroup of 
index at most to. 

6.10. Theorem (Theorem 12.11 of 0). Let J > m, < S < e(X)/2 (where to 
and e(X) are the constants of the Margulis Lemma). For every e > there exists 
e' = e'(e,X) > such that 

(6.10.1) ^e-ess a -vol(r yi \^) < e'-ess a -vol(r\X), 

i 

where the sum is taken over a set of non T-equivalent (J,S)-stable submanifolds of 
X. Here, Ty denotes the stabilizer ofY in T, and a is a constant depending on X, 
J and 8. 

Proof of Theorem 1 6. 8i With the notation of Theorem 16.101 take J = to and 5 — 
e(X)/4. Fix r = S/J* (note that r depends on X alone). For a manifold M = T\X, 
let 

A(M) = {7 e T : 7 is hyperbolic and (J, <5)-stable} 

and obtain A(M) by choosing a single element in every conjugacy class of elements 
in A (A/). 



^The definition in [8] is broader and also includes intersections of such minimal translation 
sets, but this is not necessary for stating the result and its ramifications. 
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Suppose c is a closed geodesic of length < t in M, and let c be a lift of c to X. 
Then there is a hyperbolic element a € T that has c as an axis, and min d a < r. 
By Lemma 16.91 a 1 is J-stable for some 1 < i < J* . Note that 

mmd a t < J* mmd a < 5. 

Hence, Min(o; 1 ) is a (J, <5)-stable submanifold, and — by replacing a with a conju- 
gate — we may assume a 1 <E A(M). It follows that 

c C Mm(a) C Sfin(a*) C (J Mm( 7 ). 

jeA(M) 

This establishes the first assertion regarding A(M). 

Observe that the family of submanifolds Min (7) for 7 e A(M) is a family of 
(J, <5) -stable submanifolds that are not T-equivalent. Therefore, by (|6.10.1[) . 

#A(Af) < C-vol(M), 

where C is the comparison constant given in (2) above. 

It remains to prove the assertion about the sublinear growth of #A(M„) with 
respect to vol(M n ) whenever M n = T n \X is a sequence that BS-converges to X. 
Here we appeal to the proof of Theorem l6.10l We will recapitulate the steps of the 
proof, and refer to [5] for details. 

Making use of finite dimensionality, we may assume that Min(a) is maximal for 
every a £ A(M). Let Z = X and Y = Min(a) be maximal in X. Y has an isometric 
decomposition as product Y' x R k , k > (which may be coarser than the De Rham 
decomposition, but the details are irrelevant here), and the cardinality of a certain 
set of points in Y' is exactly e— ess a — vol(IV\y). In fact, for our needs, we just 
need to consider one of these points, because we arc merely counting submanifolds 
rather than bounding their volumes. 

Starting with a point y' € Y', one chooses a corresponding point y = (y',y") in 
Y. Then, the proof assigns to y a point z G Z = X on a geodesic emanating from y 
perpendicularly to Y, such that every element of T translates it by at least e(X)/2, 
and one element translates it by exactly e(X)/2. In other words, it projects to a 
point in T\X at which the injectivity radius is exactly e{X)/A. 

Finally, one considers the collection of balls of radius e(X)/4 (this is the constant 
£4/2 appearing in [8] for the general case) around the points z such obtained. Each 
of these balls injects to T\X and it is proven that each projected ball intersects 
at most 2 dimX other balls (this is the statement numbered (3)). The proof in 
[8] proceeds with the induction to find the constant e' and deduce the inequality 

Since we are only considering maximal submanifolds, we may stop at this stage 
and reflect on the proof. As in the proof of Theorem 16. 71 the projected balls that 
we have obtained are contained in the region of M where the injectivity radius is 
at most 3e(X)/4. It follows that the number of maximal (J, <5)-stable submanifolds 
is bounded by o3ror Vol((M)<3 e (x)/4)- The theorem follows at once from Corollary 

EH ^ □ 

7. Spectral approximation for locally convergent sequences of 

lattices 

Let G be a connected center free semisimple Lie group. We let G be the unitary 
dual of G, i.e. the set of equivalence classes of irreducible unitary representations 
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of G, endowed with the Fell topology, see e.g. [HI §2.2]. We fix once and for all a 
Haar measure on G. 

Let 4> G C™(G). If 7T G G then 

tt(0) := f cf>(g)ir(g)dg :U V ^U V 

JG 

is a bounded operator of trace class. We denote by 

(f) \ 7r i — y trace ir(4>) 
the (scalar) Fourier transform on G. 

7.1. Topology of G. As a topological space G is not separated. It is somewhat 
easier to work with the set 6(G) of infinitesimal characters of G, that is the set of 
characters of the center Z(g) of the universal envelopping algebra of G. 

Fix MAN a minimal parabolic subgroup of G and a corresponding real vector 
space 

where bo is a Cartan subalgebra of the compact Lie group Kf]M. The space f)o can 
be identified with a split Cartan subalgebra of a split inner form of G. In particular 
the complex Weyl group W of G acts on f)o. We fix a positive definite, TT-invariant 
inner product (•, •) on t)n. 

The infinitesimal character of an irreducible representation 7r G G is represented 
by a IV-orbit 9^ in the complex dual space f)* of f)n- It satisfies 

n(zf) = (fc(*)AM/), G Z(fl), / G C C °°(G)), 

where ft. : — > S'(h / ) vl/ is the isomorphism of Harish-Chandra, from Z(g) onto 

the algebra of M^-invariant polynomial on fj*. 

According to the classical Paley- Wiener theorem, the adjoint Fourier transforn@ 
a i— > a{9) is an isomorphism from the convolution algebra of W-invariant, com- 
pactly supported distributions on f)o onto the algebra of entire, iy-invariant func- 
tions on ()* of exponential type that are slowly increasing on cylinders 

{0€f)* : ||Re(0)|| <r}, (r > 0). 

The subalgebra C^°(t)o) W is mapped into the subalgebra A(G) of functions a that 
are rapidly decreasing on cylinders. 
The map 

(7.1.1) G^6(G) 

which maps n G G onto its infinitesimal character 8^ is continuous with respect 
to the Fell topology. See [1041 Lem. 3.4] for a more precise description of the 
topological space G w.r.t. this map. 

The Paley- Wiener theorem of Clozel and Dclorme [36] — see also [43l Thm. 1.9] 
— implies the following: 



In otherwords; 

a(0) = f a{H)e B( - H UH, 

ho 

in case a is a function. 
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7.2. Lemma. Let f € .4(G) then there exists (j> £ C^°(G) such that 

(vreG). 

We will use functions </> (0 € G£°(G)) as test functions on G. We denote by ^ a 
continuous linear form on the space 

J-(G) = : d> e C?(G)} 

of scalar Fourier transform of functions in G£°(G). Using the map (|T. 1 . 1[) we may 
push v onto a continuous linear form v* on A(G). Note that the natural involution 
4> i— > 0, where 

on G^°(G) induces an involution / H> /* on .4(G). This in turn induces an in- 
volution i-» so that /*(0) = f(6). Note that the image of the map (|7.1.ip is 
contained in the set 

e h {G) = {6 e e(G) -.6 = 6} 
of Hermitian infinitesimal characters. As the fixed point set of a continuous invo- 
lution Qh(G) is a locally compact topological space and we have the following: 

7.3. Lemma. If v is a continuous linear form on the space F(G) then v* extends 
as a Radon measure on 0/i(G). 

Proof. After restriction, we may abusively consider A{G) as a subalgebra of Go (&h (G) ) 
- the set of complex valued continuous functions on Oh(G) which vanish at in- 
finity. Then the involution / n- /* is just complex conjugation. And since the 
subalgebra .4(G) C Go(S^(G)) obviously separates point and vanish nowhere, the 
Stone- Weierstrass theorem implies that .4(G) is dense in Go(0fr(G)) w.r.t. uniform 
convergence topology. The continuous linear form v* therefore extends to a Radon 
measure on 0/j(G). □ 

As for G, we say that a Borel measure v extends the continuous linear form v if 
v and v agree on T(G) and if for every relatively quasi-compact ^/-regular subset 
S C G@ and for every positive e, there exist <j>,ip G G£°(G) such that 

|ls — <t>\ < i 3 an d v{w) < £• 

7.4. We now consider a discrete subgroup A C G and denote by p\ the natural 
representation of G in the space L 2 (A\G). 

Given / e L 2 (A\G), we have: 



(PA(0)/)(aO = / 0(y)f(xy)dy 

JG 

= / 4>(x~ 1 y)f(y)dy 



G 



It follows that the kernel of pa(4>) is 



K^(x,y) = ^2<l,(x- l Xy) > (x,y e A\G). 



xeA 



^Here iz-regularity means that f(S) = v(S). 
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The sum over A is finite for any x and y, since it may be taken over the intersection 
of the discrete group A with the compact subset xsupp(0)y _1 C G. 

7.5. The measure associated to a uniform lattice. Suppose that A = Y is a 
uniform lattice. Then pr is a direct sum of representations tt £ G occuring with 
finite multiplicities m(7T, Y). The measure 

is — up to the factor vol(T\G) _1 — the Plancherel measure of L 2 (Y\G) and if 
(j> £ G£°(G) we compute: 



trace pr{4>) — m ( 7r :r)trace 7r(</>) 
wed 

= vol(r\G> r ($). 



So that: 

M ^^^omG)L XG K ^ x)dx 

= f A^(id,id)^ r (A). 

./ AGSub G 

Where the last equality follows from the fact that K'^ Ag _ 1 (x, y) — K^g^x, g~ x y). 

7.6. Local spectral measure of A\G rooted at [id]. In general A\G is non 
compact and the integral J A ^ G K^(x, x)dx is not well-defined. But the class [id] of 
the identity element id £ G gives a prefered root in A\G and we may still define a 
continuous linear form vam on -F{G) by: 

vh,iS) = Ki(i&, id) (0 £ G C °°(G)). 

Note that the map 

A ^ ^ 

AgA 

is continuous on the subspace of Subg which consists of discrete subgroups. Given 
any discrete IRS p we can therefore define the expected spectral linear form of the 
IRS p as 

= / ^A,id(^)rfM( A )- 
JAeSuba 

7.7. It is not clear to us if z'A.id and may be extended as Borel measures on the 
unitary dual G. It nevertheless follows from Lemma 17.31 that v\ id and v* extend 
as Radon measure on the space of Hermitian infinitesimal characters 0/j(G). We 
will refer to v* as the expected spectral measure of the IRS p. 

Note that when A = T is a uniform lattice then the measure it extends the 
expected spectral linear form v^ v of the IRS pr associated to Y. 

We finally note that the expected spectral linear form z^ id associated to the 
IRS supported on the identity coincides with the Plancherel measur43 v G of G on 



^Notc that v G depends on a choice of a Haar measure on G: if the Haar measure is multiplies 
by a scalar c then v G is multiplied by c~ 1 . In any case the Plancherel formula proved by Harish- 
Chandra says that for any <f> £ C£°(G), we have v G Q>) = </>(id). 
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HG): 

v^M = <f>(id). 

It therefore follows from the density principle proved in [104[ Thm. 7.3(b)] — see 
also [1081 Appendix A] for some corrections — that the Plancherel measure of G 
extends v ru 

7.8. Expected spectral measure and local convergence. We say that a se- 
quence jUi,jii2,... of discrete IRS of G is uniformly discrete if there exists some 
positive r such that: 



VA € U^suppOii) A n B G (id, r) = {id}. 
(Individually such an IRS fii will be said to be r-discrete.) 

Example. Let (r„)„>i be a uniformly discrete sequence of uniform lattices in G. 
Then the sequence (/^r„)n>i is uniformly discrete. 

7.9. Proposition. Suppose that /ii, /i2, . . . is a uniformly discrete sequence of IRS 's 
of G which converges weakly toward /x^ . Then the sequence of expected spectral 
linear forms converges weakly to the expected spectral linear form ^ Moo . 

Proof. Set v.i — for i — 1, 2, . . . , oo. Let <f> <E C^°(G) we want to prove that: 

lim Vi((j>) = Voo(4>). 

i— >-+oo 

Since the sequence Hi, fj,2, ■ ■ ■ is uniformly discrete, there exists a compactly sup- 
ported function F$ on Subc such that 



*V(A) = 

Since fa converges weakly to /Xqq we get that 



Eaga <t>W if A € U- 1 supp( Mi ) 
if A is not discrete. 



Vi{4>) = / F^dfa -> / F^d^Loo = ^oo(0). 

□ 

As a corollary we get the following: 

7.10. Theorem. Let (r n ) n >i be a uniformly discrete sequence of uniform lattices 
in G such that T n \X BS-converges to X . Then for every relatively compact v G - 
regular open subset S C G or S C Gtcmp; the sequence of measures (vr n ) n >i * s 
such that: 



^Precisely Sauvageot proves that i/ G extends v^ A as a linear form on the space T of bounded 
i/ G -measurable functions / on G such that the support of / has compact image in the space of 
infinitesimal character via the map 117.1. Il l and such that for every Levi subgroup M of G and 
every discrete series a of M, the function \ i-> /(ind^ (o"(8>x)) on "unramified" unitary characters 
of M (see | 104l §3]) has the property that its discontinuous points are contained in a measure 
zero set. Here by definition /(ind^f(<r ® \)) ls the sum of /(a 7 ) as a 1 runs over the irreducible 
subquotients of the (normalized) induced representation ind^ (a (gi x) with multiplicity (any such 
subquotient a 1 is unitary). The space T is contained in T but there are many more functions in 
the latter: any characteristic function of a i/ G -regular open subset S C G or S C Gtemp belongs 
to T, see 11041 Lemma 7.2]. 



GROWTH OF L 2 -INVARIANTS FOR SEQUENCES OF LATTICES IN LIE GROUPS 33 



Proof. Set fj, n = fj,r n and v n — . It follows from the hypotheses that /xi, /12, ■ ■ ■ 
is a uniformly discrete sequence of IRS's of G which converges weakly toward fi\d- 
Proposition l7.9l therefore implies that the sequence of expected spectral linear forms 
v n converges weakly to the expected spectral linear form ^ Mid . 

We first recall from £|7. 71 that vy n extends v n and v G extends v^ iA - Now let 
S C G, or S C Gtomp, be a relatively compact open subset which is regular w.r.t. 
the Plancherel measure of G (i.e. v G {S) — v G (S)). And let £ be a positive real 
number. Since v G extends v fliA1 there exist <f>,ip G C^°(G) such that 

|ls - 0| < i> and v G (^) < e. 

We conclude that: 

WrJS) - v G (S)\ < vr n $) + \ur n ($) - v G $)\ + v G $) 

< KWO - y^M\ + 2 " G $) + M?) - ^ id (?)l 

< 4e, 

for sufficiently large n. □ 



A similar reasoning implies the following: 

7.11. Theorem. Suppose that /ii,/Z2, . . . is a uniformly discrete sequence of IRS's 
of G which converges weakly toward /i m . Then the sequence of expected spectral 
measures v* converges weakly to the expected spectral measure h>*^ . 

Proof. That v* and u* are indeed measures follows from lemma 17.31 and Propo- 
sition \7M implies that if / £ A(G) C C (Q h (G)) then: 

Since A(G) is dense in Co{&h{G)) w.r.t. uniform convergence topology the theorem 
follows. □ 



Theorem 17.101 implies the following: 

7.12. Corollary (Pointwise convergence). Let (r„)„>i be a uniformly discrete se- 
quence of uniform lattices in G such that T n \X BS-converges to X . Then: 

Urn vr n (M) = v° ({*}) 

for every ir G G. 

Note that d(ir) := v G ({n}) is unless 7r is square integrable (i.e. is a discrete 
series) in which case it is the formal degree of 7r — see [3HJ Theorem 6.2]. 



7.13. Here is an alternative proof — in the spirit of DeGeorge-Wallach [33] and 
Savin [105] - of Corollarv l7.12l We first prove that: 

m(7T,r n ) 

hmsup — — = hmsupi/„({7r}) 

(7.13.1) n->oo VOl(r„\G) „^oo 

<^(W) = rfW- 
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Let </> G C~(G). We first note that: 



(7.13.2) 



Remark. We have: 



m(7T,r) ,, 2 ||pr(0)|||_ s 
'I^)Hh-s< vol(r \ G) 

trace pr (</> * 



vol(r\G) 



< 



voi(r\G) 

^ G (J70) = (0*0)(i) = H0ii 2 . 



Note that: 



K0)lll-s>K^)«,»)l s 



<t>(g)( 7T (g)v,v)dg 



G 



where v is any unit vector in the space of tt. It is therefore tempting to apply (|7.13.2[) 
with <f)(g) = (<f> r (g) '■=)Xr{g){' K {g) v iv) where Xr is the characteristic function of 
G r = KA+K, A+ = {a G A+ : a = exp(iJ), ||i?|| < r} for some metric || • || on 
the Lie algebra of the Cartan subgroup A. Under the hypotheses of Theorem 17. 121 
Proposition I7.9[ inequality (|7.13.2j) and the remark above imply: 

m(7r, r„) 1 
(7.13.3) hmsup < vrrTH- 

n-^+oo V0l(r„\G) \\<f>r\r 

As r tends to infinity l/||</v|| 2 tends to if tt is not square integrable and tends to 
d(n) if tt is a discrete series. Inequality (|7.13.3j) therefore implies (|7.13.1|) . 

7.14. Now fix tt a discrete series representation of G. The set 

G(tt) = {ujeG : 6 U = 6 V } 
is finite. And computing the G(7r)-part of the Euler characteristic Rohlfs and 



Speh pTKi] 
following: 



see also DeGeorge and Wallach [39l Corollary 5.3] — prove the 



7.15. Proposition. If tt is a discrete series representation of G then there are 
constants c(ui), uj G G(tt) and c(uj) = 1 if lu is a discrete series representation, such 
that 



E 

j6G(tt 



c(w) 



m(w,T) 



voi(r\G) 

Proposition 17. 151 and (|7.13.1I) obviously imply corollary 17. 121 



u>eG(ir) 



□ 



7.16. Sequences of congruence lattices. Now we fix a uniform arithmetic lattice 
P C G. We also fix tt G G a non tempered representation, i.e. tt is not weakly 
contained in L 2 (G). If we let p(tt) be the infimum over p > 2 such that if-finitc 
matrix coefficients of tt are in L P (G), we then have p(tt) > 2. In that setting we 
prove the following: 

7.17. Theorem. Let (r„) n >i be any infinite sequence of distinct congruence sub- 
groups o/r. Then: there exists a = a(G,T, tt) > such that 

m(7r,r„) «voi(r„\G) 1 - a . 
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Proof. It follows the same lines as in §7.131 Let (r, V T ) be the lowest K-type of it 
and fix v G V T a unit vector. As in |105j we introduce: 

W n = apan{Tv : T e Kom G (V, L 2 {T n \G)} C L 2 (T n \G) 

and 

B n (x) = sup l^M- (i e r„\G). 

jW„ ll,M - 



As in §7H]we let 

4>r(g) = Xr(g)(n(g)v,v) (geG, r> o). 

We will use the following two lemmas. The first follows from Cauchy-Schwarz 
inequality. The second — due to Savin [1051 Proposition 3] — is a reformulation 
of the basic identity of DcGeorge and Wallach. 

7.18. Lemma. We have: 

/ B n (x)dx = m(7T,r„). 
Jr n \a 

7.19. Lemma. We have: 

ir((fi r )v = \\<p r \\ 2 V. 

Now let / £ W n . It follows from Lemma l7.19l that: 



H0r|| 2 /(aO = / <t>r{g)f{xg)dg = V <j) r {x 1 jg)f{g)dg. 

JG jr„\G.,^r 

By the Cauchy-Schwarz inequality, we have: 



7er„ 



(7.19.1) ||<M| 2 |/(*)| < 

Given x € G, we set 



r„\G 



76T„ 



2 \ 1 ; ~ 

dg 



N n (x;r)=#{ 1 eT n : Xp (ar V) 7^ 0}. 
Theorem 15.21 implies the following: 

7.20. Proposition. There exist positive constants ft, c such that for all n 

vol((r n \G) <clogvol(r „\ G) ) < vol(r„\G) 1 -' 3 . 
We now recall the following: 

7.21. Lemma. There exist constants C\,C2 > 0, depending only on G, such that for 
any x, y <E X , 

N(x;R) := \{"y € T : d(x,~/x) < R}\ < c i InjRad rnV3 (x)- <i e caii , 
where d is the dimension of X . 

Proof. Clearly, it suffices to prove this for R > InjRad M (x). By definition of 
InjRad r?i \ G (a;) we have B(x, InjRad r \ G (a;)) n B(jx, InjRad Mn (a;)) = for all 7 e 
r — {id}. This implies 

N(x; R) ■ vo\B(x, InjRad rn \ G (x)) < voLB(x, R + InjRad rn \ G (a:)) < voLB(ai, 2R). 
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Now, Knieper [64] shows that there exists a constant a — a(G) such that 

E-rank(G)-l t-, 

vo\B(x,R) « R 5 e a R 

asymptotically as R — > oo. This yields an upper bound for volS(x, i?+InjRadr n \ G (:z;)). 

On the other hand, since X has non-positive curvature, the volume of a ball in 
X is bounded below by the volume of a ball with the same radius in d-dimensional 
Euclidean space. Hence 

voLB(x, InjRad r \g(x)) > b ■ InjRad rn y G (x) d , 

with a constant b = b(d). The lemma follows. □ 

Remark. When InjRadp n \ G (a:) and R are both sufficiently small, it should be 
possible to attain better bounds in 17.211 by using the Margulis Lemma. 

7.22. Replacing the constant c by some smaller positive constant we may assume 
that: 

(7.22.1) cc 2 < P. 

Here C2 is the constant of Lemma T7.21I From this we conclude: 

7.23. Lemma. There exists a positive constant C such that for all n 

N n {x]2c\ogvo\{T n \G))dx < Cvol{T n \G). 

'r„\G 

Proof. We split the integral into two parts: 



h= N n {x-2c\ogvo\{T n \G))dx 

"'{zerVVG : InjRad rrAG (a:)<clogvol(r„\G)} 

and 12- Since in li the integrand is everywhere equal to 1 we have I2 < vol(r„\G). 
As for 1 1 we use Lemma \7. 2 II to get the bound: 

iV n (z;2clogvol(r n \G)) < Cl InjRad rAG (a;)- d vol(r„\G) C2C . 

Since each lattice T n is a subgroup of T, there exists a uniform (in n) lower bound 
on InjRad r?i \ G (a;). We therefore conclude from Proposition 17.201 and (|7.22.ip that: 

h < (const)vol(r„\G) C2C+1 -' 3 < (const)vol(r„\G). 

And the lemma follows. □ 

7.24. Now taking r — clog vol(r„\G) we note that for every x € r„\G and g E G 
the sum X^er < ftr(x~ 1 jg) has at most N n (x;2r) nonzero term. Then 



<f>r(x 1 ig) 



<N n (x;2r) £ \Mx^l9)\ 



7er„ 



And since 



/ J2\M^ 1 79)\ 2 dg=\\cj> r \\ l 



/r -\ G 7 er„ 

it follows from (|7.19.1[) that for every x e T n \G 
(7.24.1) l/WI 2 < N n (x,2r) ^ 
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Integrating (|7.24.1j) over T n \G we conclude from Lemma T7.23I that: 

m ( 7r ' r ») ^ uTu2 I N n {x-c\ogvo\(T n \G))dx < C ™^^ - 

\\9rW Jr„\G ll<MI 

We finally note that 

IKI| 2 = / Mg)v,v)\ 2 dg 

JG r 

and 

vol(G P ) > exp(z/r) = vol(r„\G) cl/ 

for some positive constant v. Combining this last inequality with the asymptotics 
of the matrix coefficient g H> (ir(g)v, v), see e.g. [90], we conclude that there exists 
a positive constant a such that 

I ^ F «v i(r 7l \G)-. 

And the theorem follows. □ 

7.25. Nonuniform lattices. In the nonuniform case things get complicated: there 
is continuous spectrum in L 2 (T\G) and the integral 

K^(x, x)dx 

T\G 

is divergent. We may nevertheless hope that — maybe under suitable conditions 

— Theorem 17. 101 holds when replacing i>r by the measure associated to the discrete 

- or to the cuspidal — spectrum of L 2 (T\G). There is not yet such complete 
results even in the case of towers of coverings. We may however refer to the already 
mentioned work of Shin |108j and to the recent work of Finis, Lapid and Mueller 
[51] which — in particular — completely solves the problem for the case of principal 
congruence subgroups of GL(n). 

8. LAPLACIAN AND HEAT KERNEL ON DIFFERENTIAL FORMS ON X 

In this section we relate the results of the preceeding section to the study of the 
spectrum of the Laplace operator. We keep the same notations. 

8.1. From representations to differential forms. Given a unitary representa- 
tion r of K we consider the following subset of G: 

G T = {it G G : Hom K (r,-H 7r ) ^ {0}}. 

Let Tfc (k = 0, 1, . . .) be the adjoint representation of K into A fc p. Representations 
in G Tk are exactly the ones which correspond to fc-differential forms on X = G/K . 

Let C G Z(q) be the Casimir element. Set = — 0^(0). Let tt £ G Tk and 
v G be a non zero vector in the -fT- type Tfc. Any element in 

E%(A\G) := spanjTw : T G Hom G (H ff , L 2 {A\G)} C L 2 (A\G) 

defines a square integrable fc-differential form on A\G/K whose eigenvalue is A^. 
Conversely it follows from Matsushima's formula (see e.g. [T3J Thm. 1.0.2]) that 

£a(A\G)= E%(A\G) 
*eG Th 

A_=A 
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where E k (A\G) denotes the A-eigenspace of the laplace operator on square inte- 
grable fc-differential form on A\G/K. 

We let ®k(G) be the image of G Tfc by the map (|7.1.1j) . Evaluation on the Casimir 
element therefore gives a map 

(8.1.1) Q k (G)^R+. 

We may restrict a measure v* on 0(G) to a measure on Ofe(G); we denote by v k 
the pushforward of the latter by the map (|8.1.ip so that v k is a measure on R + . 

8.2. When A = V is a uniform lattice, we have: 



In particular 



voi(r\G) 

where bk(T\G / K) is the k-th Betti number of T\G/K. Similarly we define the 
L 2 -Betti number of the symmetric space X = G/K as 

Note that vol(r\G)/3^ } (X) are the usual L 2 -Betti numbers of Y. 

8.3. If fj, is a general IRS we define its L 2 -Betti numbers by setting: 

/fV) = ^({0}). 

(The notion is the same as in [14] for IRS associated to towers of coverings.) More 
generally v k is the spectral measure of the laplace operator of the IRS fj, and The- 
orem [7TTT] implies the following: 

8.4. Corollary. Suppose that fj,^, ■ ■ ■ is a uniformly discrete sequence of IRS 's 
of G which converges weakly toward /Ltoo . Then for each k the sequence of spectral 
measure v k converges weakly to v k . 

It is natural to ask wether we have pointwise convergence especially at 0. Weak 
convergence of v™ implies convergence at except when there is a positive mass 
traveling into 0. In that respect we formulate the following: 

8.5. Conjecture. For every k and every e > there exist positive constants C and 
r)o such that for every s-discrete IRS (i we have: 

^ ((M) -i^W (0< ^ o) - 

This conjecture would imply pointwise convergence of v k at 0. We will prove it 
in the particular case of a sequence of IRS's associated to cocompact lattices to get 
the following: 

8.6. Theorem. Let (M n ) be a BS-convergent uniformly discrete sequence of closed 
X -manifolds. Then, for each integer k, the sequence ( t fc *^" ^ ^ is convergent. 

Moreover: If we denote by fi the limit IRS associated to the sequence {M n ), then 

Hm -^TT=^ 2) ^ (0<fc<dim(X)). 

n^oo VOl(M„) 
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Remarks. 1. In the case of towers of finite index subgroups, Theorem 18.61 follows 
from the main result of [14j . 

2. When the limit IRS /Zoo is the trivial one //id, the limit measure f Moo is the 
Plancherel measure v G and Theorem 18.61 follows from Corollary 17.121 

Proof. In the following paragraphs we prove Theorem 18.61 Write M n = r n \X and 
let /i„ = /ir„ the corresponding IRS. By hypothesis the sequence (/i n ) is a uniformly 
discrete sequence of IRS's of G which converges weakly toward fi = fi^. We fix 
an integer k g [0,dimX]. It follows from Corollary 18.41 that iC converges weakly 
toward we want to prove pointwise convergence at 0. We first prove Conjecture 
I8.5l for all the /j, n ; this follows from standard argument such as the ones in [71] §2.4]. 

8.7. Proof of Conjecture 18.51 for cocompact lattices. Let r > be a uniform 
lower bound on the injectivity radius of the (compact) manifolds M n . For each 
M n we may choose a maximal net and consider the smooth triangulation K n of 
M n which corresponds to the nerve of the cover of M n by the r-balls centered at 
the points of the net. Then there exist uniform constants d and a such that the 
simplicial complex K n has at most avol(M„) vertices, all of then of valence < d. 

8.8. Recall that the mesh rj = rj(K) of a triangulation K is the positive real 
number 

rj(K) = sup d(p,q), 

where the supremum is taken over all pairs of vertices spanning a 1-simplcx. The 
fullness 9 = 9{K) is defined to be 

JV 

where the infimum is taken over all j-simplices a of K and vol(er) denotes the 
Riemannian volume of | a \ . 

It follows from the construction of the triangulations K n that 

r/2 < r)(K„) < r 

and that there exists a uniform positive constant 9q such that for all n, 

9{K n ) > 9 . 

8.9. Let w be a differentiable fc-form on M n . Following [33] we define Rut <E 
C k (K n ;C)hy 

J a 

where the sum is extended over all oriented fc-simplices a of K n . When necessary 
we will emphasize the dependence on the triangulation by writing Rk„ ■ 

8.10. Whitney forms. Let a — [po, . . . ,pk] be a fc-simplex. Let /xq, • • • be the 
barycentric coordinate functions corresponding to po, ■■■ ,Pk respectively. The fXj's 
are piecewise C°° on M n and we define the elementary form Wo as: 

k 

(8.10.1) Wo = kl ^(-l)/ijd/i A . . . cfyii_i A dfi i+1 A ... A dfi k - 

i=0 

The form Wo is not smooth but it is an L 2 -form. Moreover the support of Wo is 
contained in the closure of the star St(er) of o, see |117j . 
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The forms W(a) allow to define the Whitney map W = W K „ ■ C k (K n ;C) -> 
L 2 fl k (M n ), where L 2 Q, k (M n ) is the L 2 -completion of the space of differentiable 
fc-forms on M n : If u — ^2 u & ' g we define W(u) by 

W^(ii) = ^ U(7 W(cr). 

Since the Whitney forms are not smooth we have to introduce Sobolev spaces. 
Let H l fl k (M n ) (I e N) be the l-th Sobolev space of k-forms on M n . Recall that 
H°fl k {M n ) = L 2 n k {M n ) and that 

H 2l Q k (M n ) ={uj € L 2 n k (M n ) : (1 + A) l cu £ L 2 fl k (M n )}, 

where (1 + A) 1 oj is to be understood in the sense of distribution. The next result 
follows from [45j see especially p. 165]. Its proof is based on [44j Proposition 2.4]. 

8.11. Lemma. Fix an integer I > = dim X + 1. Then there exists a constant C > 
such that for any n and for any barycentric subdivision K' n of K n with fullness 
8(K' n ) > #0 and any k-form uj g H l Cl (M n ), we have: 

\\u - W K ' n o Rk^)\\ L 2 < Cr}(K' n )\\u\\i, 

where \\u)\\i is the l-th Sobolev norm. 

From nom on we fix an integer I > | dim X + 1 . Then the constant C in Lemma 
18.111 only depends on the local geometry of X. But Whitney |117j proves that — 
upon restricting 9 — the K n can be made (through barycentric subdivisions) to 
have arbitrary small mesh with fullness > #o- Since X is homogeneous, we may 
therefore assume — after passing to a sufficiently small subdivision in a uniform 
manner — that there exists a constant Cq < 1 such that for all n 

(8.11.1) Cr,{K n ) < C . 

8.12. Again since X is a homogeneous space and, by construction, the local geom- 
etry of K n is uniformly bounded, there are numbers D > and S > (independent 
of n) such that for any fc-simplex a 

[ \\W(a)\\ 2 x dvor x >D 

( 8 - 12J ) |{t : T€St(<r)}| <S 

\{t : a e St(r)}| < S, 
where r runs through all simplices. 

8.13. Spectral density functions. We recall that the analytical k-th spectral den- 
sity function of M n is the function F n : [0, +oo) — > [0, +oo) given by 

F n (X) = 5^dimS*(M„), 

ju<A 

where E k {M n ) = E k (T n \G) denotes the /i-eigenspace of the Laplace operator on 
square integrable differentiable fc-forms on M n . 

The cellular cochain complex C k {K n \ C) has a canonical C-basis and therefore 
a particular Hilbert space structure. Hence the adjoint (c k )* of its differential c k 
is defined. The combinatorial Laplace operator A k : C k (K n - 1 C) — > C k (K n ;C) is 
defined by c k ~ 1 (c k ~ 1 )* + (c )*c . And we define the combinatorial k-th spectral 
density function F£(\) to be the number of eigenvalues /i of satisfying // < A 
counted with multiplicity. 
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The main step of the proof of Conjecture 18.51 for cocompact lattices is the fol- 
lowing: 

8.14. Lemma. There exist two positive constants C and e such that for every n, 

F n {\) < F r n {C\) for allXe [0,e]. 
Proof. Given oj G E k {M n ) we have 



From now on we fix e > such that 



CoVl + s 1 < 1. 

It then follows from Lemma 18.111 that for any u E E*(M n ) with (i < e, we have: 
\\w-WoR(w)\\ L i < CoVl + e l \\uj\\ L 2. 

So that 

NU= < \\w o r(cj)\\ L 2 + c VTT7\\lo\\ L 2 

and 

|MU» < 1 r—— f \\WoR(uj)\\ L 2. 

1 - Gov 1 + £ 

Since W is obviously uniformly bounded, we conclude that there exists a uniform 
constant C\ such that 



.14.1) ||a;|| i2 <C x \\R{u)\\ 



L- ■ 



Since the constants D and S are uniform in (|8.12.ip . the proof of [7TJ Lemma 
2.79] implies the following: 

8.15. Lemma. There exists a constant C 2 such that for all n,k and for all u £ 

C k (K n ;C), we have: 

\\u\\ L 2 <C 2 \\W Kn (u)\\ L 2. 
Now note that if ui 6 £^(M„) is coclosed then ||<Zu;||£2 = /^||o;|| i 2 so that: 

||c fe oi?( w )|| L 2 < C 2 \\Woc k oR(Lj)\\ L 2 

< C 2 \\W o Rod(uj)\\ L 2 

< C 2 \\W°R\\ • \\duj\\ L 2 

< C 2 \\W o R\ \ ■ li\\uj\\ L 2 
<CiC 2 ||WoiJ||.,,||ii( w )|| ia . 

Putting C3 = CiC 2 \\W o R\\ we conclude: 

(8.15.1) \\c k o R(oj)\\ L 2 <C 3 n\\R(w)\\. 

This implies that the number (with multiplicities) of eigenvalues /1 < A of coclosed 
k- forms is less that the F^C^X). 

Since the spectrum on exact /c-forms is the same as the spectrum on coclosed 
(k — 1) -forms, the proof of Lemma T8.14I follows. □ 
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8.16. The proof of Conjecture 18. 51 for cocompact lattices follows easily: First note 
that since the valence of K n is uniformy bounded by d, the operator norm of the 
combinatorial Laplace operator is unformly bounded. And since K n has at 
most avol(M„) vertices the dimension of C (M n ,C) is bounded by some uniform 
constant times the volume of M n . Using that the characteristic polynomial of the 
combinatorial Laplace operator has integer coefficient^, we therefore conclude 
from [701 Lemma 2.8] that there exists a constant C4 such that for all n, k and for 
< A < 1 we have: 

(8.16.1) K(X) -J m < Ci 



vol(M„) ~ - log A' 

According to Lemma \8. 141 the same holds for the spectral density functions F n 
(and for sufficiently small A). In oherwords: there exist positive constants C and e 
such that for every n and k we have: 

(8-16-2) <(M)< fae(0,e)). 



8.17. We now conclude the proof of Theorem 18.61 the measure i/~ converges 
weakly toward zo We therefore conclude that 

hmsup^({0})<^({0}) 

n— >oo 

and 

Uminfi/* B ([0 J » ? ))>i/*([0 J » ? )) 

for all 77 > 0. Using (|8.16.2|l . we get 

^({0})<^([0,»7)) 

<hminf^([0,77)) 



<]imm^ n ({0}) + ^mv))) 

<liminf^ n ({0})+ f 
n->+oo ** n log(l/ryJ 

for all < 77 < £. Letting 77 tends to zero we finally get: 

limsup^({0}) < ^({0}) < liminf <({0}). 

n—>oo n—t-\-oo 

So that 

lim^({0}) = ^({0}) 

as claimed. □ 

8.18. Remarks. 1. It follows from weak convergence and (|8. 16.21) that any IRS /i 
obtained as a local limit of IRS's associated to cocompact lattices satisfies Conjec- 
ture EU 

2. If (i is an IRS induced from an infinite-index normal subgroup A in a lattice F 
fsee fTTj) then the above proof for lattices still holds if the quotient T/A satisfies the 
Determinant Conjecture of Luck (see [TTJ Conjecture 13.2]). The latter is known 
to hold for a wide class of groups, see [71] Chapter 13]. 



12 So that we can take C = 1 in 1701 Lemma 2.6 
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3. When the limit IRS /ioo is the trivial one //id, the limit measure is 
the Plancherel measure v G and Theorem 18.61 follows from Corollary 17.121 In that 
case only discrete series can contribute positively to v and if G Th contains a 
discrete series then dim A = 2k so that v ' fe ({0}) = except perhaps in the middle 
dimension and if dim X = 2k then 



i/*.*({o}) = V ^ G (W) 



,G,k( 

"i Kl f 1 — 



(the sum on the RHS is finite). We therefore get the following: 

8.19. Corollary. Let (M n ) be a sequence of closed X -manifolds which BS-converges 
toward X and has injectivity radius uniformly bounded away from 0. Then: 

WO (3) 
rwoc V 0l(Af„) ' k V ' 

for0<k< dim(X). 

8.20. Finally let 7r G G such that tt e G Tfc and = 0. We recall from [21] p. 98] 
that: 

"1 .. „ 1 



dim X — e, — dim X 
2 ' 2 



7r is tempered fc £ 

where e = i(rankcG — rankc(i^)). Theorem 17.171 therefore implies the following: 

8.21. Corollary. Let (M n = T n \X) n - > i be a sequence of closed X -manifolds asso- 
ciated to a sequence of congruence lattices in a fixed rational form G(Q). Suppose 
that vol(M n ) — > +oo. Then: there exists a — a(G) > such that for every 
k $ [i dim X — e, \ dim X + e] , 

6 fe (Af„) « voKA^) 1 -". 

8.22. Use of the heat kernel. As explained in the announcement [2] our original 
proof of Corollary 18.191 used the heat kernel. Here we briefly explain this other 
proof as it will be useful to weaken the hypothesis on the injectivity radius. 

As before, let X — G/K be the symmetric space associated to G. Denote by 

- (x,y) the heat kernel on L? k- forms. The corresponding bounded integral 



operator in End(r2^ 2 >(A)) defined by 



(e- m » f)(x)= / e-^i (x,y)f(y)dy, V/ € 0{ 2) (X) 



;a;- ! , / r -,x 

is the fundamental solution of the heat equation (cf. [9]). 

A standard result from local index theory (see e.g. [17l Lemma 3.8]) implies: 



8.23. Lemma. Let m > 0. There exists a positive constant c — c(G,m) such that 
\\e- tA *\x 7 y)\\ < ct -d/*e- d ^ 2 / 5t , < t < m. 

Now let M = T\X be a compact A-manifold. Let Afe be the Laplacian on 
diffcrentiable fc-forms on M. It is a symmetric, positive definite, elliptic operator 
with pure point spectrum. Write e~ tAk (x, y) (x, y £ M) for the heat kernel on 
fc-forms on M, then for each positive t we have: 

(8.23.1) e- tA »(x,y) = ^hyT^^ix^y), 

■yer 
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where x, y are lifts of x, y to X and by (jy)*, we mean pullback by the map (x, y) i— > 
(x,7y). The sum converges absolutely and uniformly for x, y in compacta; this 
follows from Lemma 17.211 and 18.231 

8.24. (L 2 -)Betti numbers. The trace of the heat kernel e~ tA< ^ (x,x) on the di- 
agonal is independent of x € X , being G- invariant. We denote it by 

Tre- iA i 2> :=tre- tA ^(x,x). 

It follows from qOthat 

pl 2) (X) = lim Tre^ tA ^. 

It is equal to zero unless 5(G) = and k = | dimX, in that case /?j; 2 '(X) = ^f x )^ , 
see [SJ. 

Recall also that the usual Betti numbers of M are given by 
b k (M) = lim / tr e~ tAfe (x,x)dx. 

8.25. Lemma. Let m > be a real number. There exists a constant c — c(m, G) 
such that for any x € M and t <E (0, m], 

tr e~ tAfc (x,x) - Tre" tA ^ < c • InjRad Mn (x)~ d . 

Proof. Let x € F. Denote by N'(x;r) the (distributional) differential of N(x;r) 
(as a function of r). Note that N'(x; r) is the sum of Dirac measures at the points 
d(x, jx), e 7^ 7 e r. 

We may rewrite ()8.23.1[) as 

e- tA " (x, x) - e- tA ^ (x, x) = ^ (7 y )*e-* A ^' (x, 7 x). 
It follows from Lemma T8.23I that, up to constants, the last sum is bounded by 

/>oo 

^ e -d{x n xf/c = / e -r 2 /c N >( x . r ) dr 

7 er, 7# e ^° 

for some positive constant c. 

Note that by Lemma f7.21[ e~ r / c N(x;r) vanishes at and oo. Thus, by inte- 
grating by parts, the last integral equals 



2c~ 1 re~ r /c N(x;r)dr. 
Using Lemma 17.211 again, this integral is bounded, up to constants, by 

f°° I 2 II 

InjRad Mn (x)~ d / re~ c r e c r dr — const • InjRad Mri (x) _d . 
Jo 



□ 
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8.26. Suppose now that (r n ) n >o is a sequence of cocompact discrete subgroups in 
G such that 



(1) vol(M„) — !• oo, and 

(2) for all R > 0, 



j— / InjRad M (a;) d dx -> 0. 

J(M„)<r B 



voi(M„) y (M „)< 

Here d is the dimension of X and M n — T n \X. 

Remark. Suppose that for all R > the ratio V °voi(A// "j"" 1 ~~ ^ 0- ^ n °ther words, the 
probability that the injectivity radius at x £ M n is bigger that a given positive R 
tends to 1 as n tends to infinity. Then the second hypothesis is equivalent to the 
assumption that there exists R > for which 



— - [ InjRad Mi » d dx^0. 

\ M n) J(M„)<„ 



V0l(M„) J( Mn )< a 

This holds, in particular, if the local injectivity radius is uniformly bounded from 
but is weaker. 

The following is an immediate corollary of Lemma 18.251 

8.27. Corollary. Under the above hypotheses we have: 

J - { tr e- tA "" (x, x)dx -+ Tre-* A i 2) 
vol(M„)J Mn 

uniformly for t in a compact subinterval of (0,oo). 

8.28. Since each term in the limit above is decreasing as a function of t, we deduce 
that 

lllT1SU P !/»/ ^ ^ Pk{X). 
ra-s-oo V0l(M„) 

Finally, using that the usual Euler characteristic is equal to its L 2 analogue and 
that has zero kernel if k ^ =y dimX we conclude: 

8.29. Theorem. Let (T n ) n >o be a sequence of cocompact discrete subgroups in G 
which satisfies the hypotheses of §8.26\ Then: 

In particular we recover corollary |8.19l 

Remark. In general, if X is any complete connected Riemannian manifold and T is a 
group acting isometrically, freely, and properly discontinuously on X with compact 
quotient, an estimate on the Heat kernel analogous to Lemma l8.23l is proved in [46] . 
Using this the analogue of the proofs of Theorems 18.291 and 18.61 give the following 
generalization of Liick approximation Theorem |70j . 

8.30. Theorem. Let (r n ) n >o be a sequence of finite index subgroups ofT such that 
(r„\X) n BS-converges toward X . Then : 

" [r : r„] k y ' 

Here b^\v) denotes the fc-th L 2 -Betti number of T. 
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9. Heat kernel estimates and Benjamini-Schramm convergence in 

RANK ONE 

In this section we perform some analysis on the geometry of thin components of 
locally symmetric manifolds T\X of rank one. The main goal is to show that the 
contribution of the heat kernel integral over the e-thin part of the manifold, where 
e = e(X) is the Margulis' constant is bounded by a constant times the volume 
of the thin part (see Theorem 19.51 below) . This allows us to remove the uniform 
discreteness assumption in Corollary 18.191 and prove the following general: 

9.1. Theorem. Let X be a rank one symmetric space. Then for any sequence of 
compact X -manifolds M n = r„\A" that BS- converges to X we have 

lim M = A(X) . 

n->+oo vol(M n ) 

Remark. We believe that it should be possible to perform the same analysis also 
in the higher rank case and deduce the analogous statement. However, thin parts 
in higher rank are much more difficult to deal with, while the Margulis' conjecture 
suggests that for a sufficiently small e there are no e-thin parts in arithmetic man- 
ifolds. If this is the case then the family of all irreducible compact X-manifolds 
is uniformly discrete when rank(A") > 2. Here, we restrict to the rank one case 
which is already quite delicate, and where the family of compact X-manifolds is 
known to admits members with arbitrarily short closed geodesies (at least the real 
hyperbolic ones). Still, most of the steps in our argument below can be generalized 
to the higher rank cases. For instance 

• Proposition ^ . 6l is valid with no changes in the proof to all symmetric spaces 
of non-compact type. 

• Lemma 19.71 can be extended to higher rank where the exponent — 1 should 
be replaced by — rank(X). 

• Lemma 19.81 holds also for higher rank symmetric spaces, but the proof is 
more involved. 



9.2. In the remaining part of this section we let G — G(R) be a connected adjoint 
simple real algebraic group of real rank one. We fix a Cartan decomposition g = 6©p 
of g = Lie(G) and let K < G be the maximal compact subgroup of G corresponding 
to t. Let xq e X = G/K be the point corresponding to K. Recall that p is identified 
with the tangent space T± X and the Killing form on G induces an inner product 
on p which determines the Riemannian structure on X. Fix an Ad(if )-invariant 
inner product on 6 and extend it to an Ad (K)- invariant inner product to q so that 
? and p will be orthogonal. Let s — rankc(G) be the complex rank of G, e.g. if 
G = S0(n,l)thea« = [2±i]. 

Let us fix t > and k € [0, dim X], For x € M and a lift x G X let 

f t (x) = \\e- tA >(x,x)-e- tA >\x,5:)\\ = \\ £ e~* A ^(i, 7 • x)\\. 

7 er\{i} 

(The middle part of the equation can be made well defined by identifying the 
tangent spaces of T X M and T%X.) Let ft(x) = ft(x) and note that ft is T-invariant. 
Recall that we denote by InjRad M (a;) the injectivity radius of M at x. 
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We wish to show that if M BS-converges toward X then lim < @k(X), 

Recall that /3k(X) = Unit-^ Tr(e~* A * (x,x)), fix an arbitrarily small v > and t 
large enough so that p k (X) < Tr(e-* A != (x, x)) + v. Then 

^vS\-h{X)<^--f (e- tA *(x,x)-(3 k (X))dx<— \— [ f t {x)dx + v. 
vol(M) vol(M) J M vol(M) J M 

Theorem 19.11 will follow from the following: 

9.3. Proposition. If M X then lim vol ^ M ^ J M ft(x)dx 0. 

The difficulty lies in estimating / at parts where the injectivity radius is small. 
The geometry of the parts of the manifold with small injectivity radius can be 
controlled with the aid of the classical Margulis' lemma: 

9.4. Theorem. ( |112l Section 4.1]) There is a constant e — e(X) > such that if 
A is a discrete torsion free subgroup of G consisting of semisimple elements and is 
generated by {7 G A : d{pj ■ x,x) < e} for some x € X, then A is cyclic. Moreover 
there is a unique geodesic, the axis of A, on which it acts by translations. 

An important consequence of the Margulis' lemma is the thick-thin decomposi- 
tion which, in our case, says that the thin part 

M <e = {x e M : InjRad M (x) < |} 

consists of finitely many connected components, each of which is a tubular neigh- 
borhood of a short closed geodesic. 

For x G X, we shall denote by the set of elements in T which moves x by 
less than e and by Tj ie = (Ex,e) the cyclic group they generate. 

We will derive Proposition 19.31 from: 

9.5. Theorem. For every closed X -manifold M we have 

I ft(x)dx<C -vol(M< t ), 
Jm< c/2 

for some constant Co = Cq[X, t). 

Remark. Note that Theorem 19.51 implies, for the special case of closed rank one 
manifolds, Gromov's classical theorem [8j Theorem 2] that the Betti numbers are 
bounded linearly by the volume. Indeed, 

b k (M)< [ e- tAk (x,x)dx <fa{X)+ [ f t (x)dx = 

JM JM 

= p h {X)+f f t (x)dx+ ( f t (x)dx 

while /|m>, is bounded, as follows from Lemma 18.251 

Most of the remaining part of this section is devoted to the proof of Theorem 
19.51 One can estimate / in terms of the number of T orbit points in a ball: 

9.6. Proposition. Given any r > there is D = D(r,t) such that for any x G X 
we have 

f t (x) < D ■ cardlT ■ ifl B(x,r)). 
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Proof. Let n = dimX. The statement will follow from the estimate 

n f A< 2 > , mi ^ » d (*.y) 2 
||e" tA " {x,y)\\ < Ct*e ~ 

and the fact that X has exponential growth. More precisely, let I? be a maximal | 
discrete subset of X . Then the |-balls centered at points of T> cover X while 

card(X> n B(x, R)) < A R+1 , Vi? > 0, 

for some constant A, since the j balls centered at T> are disjoint and of a fixed 
volume. It follows that there is a constant D = D(r,t) such that 



(d[>,y)-f ) 2 

2 e 5* < £). 



Note also that the number of orbit points in any |-ball card(T • x D B(z,r/2)) is 
not greater than card(r • x n B(x,r)), since if 7 • a; 6 B(z,r/2)) then 7 -1 (L • 2? fl 
B(z,r/2)) C B(x,r). To conclude, we have 

/*(*)< £ «-e-^r^ 

7SA\{1} 

and by replacing each orbit point by an element from T> of distance < ^ we see 
that the last quantity is bounded above by 

Ct^ card(r • x n B(z, r/2))e~ (d(x 'lr /2) < C ard(r • a; n r))D. 

□ 

Our next goal is to estimate the number of orbit points in a given ball and deduce 
bounds on /(. We will split this into two estimates. One which is better in the 
close surrounding of the sub-manifolds where the injectivity radius attains a local 
minima and one which is better at points far from these sub-manifolds. 

9.7. Lemma. Let x £ M be a point in a e-thin tubular neighborhood of a short 
geodesic, and suppose that the length of that short geodesic is t. Then ft(x) < 
Cir^ 1 , for some constant C\ — C\(X,t). 

Proof of Lemma \9. 7| Let x be such a point and let x be a lift of x to X. In view 
of Proposition 19.61 we should obtain an upper bound of the form const • t _1 on the 
cardinality of the set 

£ = T • x n B(x, e) = L^e • x n B(x, e). 

Let c be the axis of T^e. Let tt c : X —¥ c be the nearest point projection from X to 
c. Since c is convex and X is non-positively curved n c is 1-Lipschitz. Since Lj !e is 
torsion free and stabilizes c, it follows that the restriction of ir c to a Lj i£ -orbit is one 
to one and its image is again a Lj i£ -orbit. Moreover, since £ has diameter < 2e we 
deduce that ir c (£) is contained in an interval of length 2e in c. Thus Card(£) < — . 

□ 

Lemma 19.71 gives a sufficiently good bound on ft(x) when x is close to a short ge- 
odesic. However when x is far from the geodesic, the injectivity radius InjRad M (cc) 
might be of several magnitude larger than the minimal displacement r, and the 
result of 19.71 will not be enough for our purpose, so we should obtain a better es- 
timate in terms of InjRad M (x). At first glance one may expect that the number 
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of orbit points in a ball is controlled by ItljRb,<1 m (x) (or by InjRad M (x)~ r in 
general when r = rankapT)). However the rotational parts of the isometries may 
make the orbit denser at certain distance from the sub-manifold of local minimal 
displacement. The true exponent is therefore the absolute rank s: 

9.8. Lemma. Suppose that x lies in the e-thin part of M . Then ft(x) < C2lnjRad M (x) 
for some constant C2 — C'2 {X, t) . 



Proof of Lemma \9.8l Let <5 > be sufficiently small so that for 

U xo = exp({X e g : \\X\\ < 6} 

we have that U xo form a Zassenhaus neighborhood in G (see [HH1 Chapter XI] and 
[1121 Section 4.1]). We shall call U Xo the Zassenhaus neighborhood associated to Xo- 
Since G acts transitively, for any x £ X we have some g £ G such that g ■ Xq = x. 
Set U x = gU xo g~ 1 as the Zassenhaus neighborhood associated to x. Since U xo is 
invariant under conjugation by K , U x is well defined. 

The orbit map X exp(X) -xq restricted to {X £ g : \\X\\ < 5} is a-bi-Lipschitz 
for some some constant a and covers an open ball Bx(xo, fj) for some 1 > j3 > Q. It 
follows that HVi, . . . ,V t £ are of norm at most 5 and {exp(Vi)-xo, ■ • ■ , exp(Vt)-x } 
form a p-discrete subset of X then {Vi, . . . , Vt} is ^ discrete in g. 

Let now x £ M< e be the point in question and let x £ X be a lift of x. We may 
suppose that InjRad M (x) < (3. Let 

M{Ui-{g eG:d(g-x,x)< 1}) 
m = 7TT\ + L 

Note that m is independent of x. In the proof of the Margulis' lemma given in 
[1121 Section 4.1] it is shown that the Margulis' constant e can be chosen to be 
1/m or smaller. Since we have defined m and j3 independently of e, we may assume 
that e < In that case, as follows easily from the argument in [1121 Section 
4.1], N = (C/f l~l T x ,e) is a subgroup of index < m in L^^ and one can chose coset 
representatives within £™ e . In particular it follows that 

card(L • x n B(x, —)) < m • card(A^ • x n B(x, (3)). 

Moreover by the Zassenhaus-Kazhdan-Margulis theorem (see 98, Chapter XI]) 
log spans a connected nilpotent Lie sub-algebra n of the Lie algebra of the sta- 
bilizer Stabc(c) where c is the axis of T Xte . Note that Stable) is isomorphic to a 
compact group times M* and hence admits no unipotent elements. It follows that 
n is abelian and semisimple and its exponent exp(n) is a torus in G. In particular 
dimn < s. Finally since N-x(lB(x, (3) is InjRad M (x)/2 discrete we get that log(iV) 
is InjRad M (x)/(2a) discrete lattice of n. Thus 

card(JV ■ x n B(x, (3)) < card(log(iV) n B g (Q, 6)) < C ^j^W )', 



and the result follows from Proposition ^. 61 □ 
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9.9. Let M< £ be a connected component of the e-thin part of M. As mentioned 
above, M< e is a tubular neighborhood of a short closed geodesic. Let M< e be a 
connected component of the pre-image of M< £ in X and let c C M< e be the lift 
of the short closed geodesic. Conjugating L inside G we may and will assume that 
c = {cxp(sA) - Jo : s£l} for some unit vector A £ p. 

We let 70 be the generator of the cyclic group 

r = { 7 G r : 7 • M| e = M|J, 

and denote by r the displacement of 70 on c. Let G c = Stabc(c) be the stabilizer 
group of c. Recall that G c is isomorphic to a direct product T c x _ftT c of a compact 
group and a one dimensional torus T c = exp(R • A). The group K c consists of 
the point- wise stabilizers of c and T c is central in G c and consists of the translations 
(or dilations) along c. 

Given a unit vector Y G p orthogonal to A we let ay(£) = exp(ty) • aio be the 
unit speed geodesic ray starting at xq in the direction Y and let TiY) be the total 
time that ay spends in M< e . 

9.10. Lemma. Given T > £/iere exzsi tt such that if Y G p is orthogonal to A 
and t < tt then T(Y) > T. 

Proof. Let be sufficiently small so that any two geodesic rays a\{t) 1 aa(£) emanat- 
ing from Jo at angle < stay at distance < e/2 from each other when t < T. Since 
_Kc is compact there is / G N such that for any o G K c there is k = k(o) < I such 
that Z(o k (v), ii) < 9 for every unit vector ii G T$ a X. Let A > be small enough so 
that any two geodesic rays orthogonal to c that starts parallel to each other (i.e. 
they are in the same T c orbit) at distance < A, stay at distance < e/2 for t < T. 

Take tt — j- Now if g G G c is any isometry with displacement r < r and 
rotational part o, it is easy to see that g fc (°) has translational part < A on c and 
rotational part < 9. Thus its displacement is < e everywhere on the T neighborhood 
ofc. □ 



We will first prove Theorem [93] in the real hyperbolic case by a straightforward 
computation. 

9.11. The proof of Theorem 19.51 in the real hyperbolic case. Suppose X = 
H". We will now make some computation in radial horoshperical coordinates in 
the upper half space model of H™ 

{(11 i,6R"):i»>0}, ds 2 = ±^. 

Consider the vertical geodesic c = (0, 00) and the horizontal (intrinsically Euclid- 
ian) horosphere E n_1 passing through c at p = (0, . . . , 0, 1). We will consider the 
coordinates (r, 8) for points on E n_1 where r is the horoshperical radial distance to 
p and 9 is the direction. (Note that the hyperbolic distance of the point (r, 9) to p 
is roughly logr.) We can extend these coordinates to the upper half plan, letting 
(r, 9, a) denote the point a ■ x where x is the point on E' i_1 of coordinate (r, 9) and 
a is the isometric homothety corresponding to a multiplication by a > in R" . Let 
G c be the stabilizer of c in G, G c = SO(n - 1) x R >0 . 
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9.12. Lemma. There are R < oo and a > 1 such that ifri,r2 > R then for any 
two points points x% — (r\,&), x 2 — (r 2l 9) at the same direction 9 and any jeG c 
for which d g {x\),dg{x 2 ) < e we have: 

a-^ < ^4 < 

r 2 d g (x 2 ) r 2 

Proof. Since the points Xi,x% are far from the invariant geodesic c = (0,oo) and 
have small ^-displacement. The quantities d(g ■ Xi,Xi) are approximated, up to 
a bounded multiplicative error, by the intrinsic Euclidian distance between the 
Euclidian projection of g ■ Xi and Xi to the horosphere E™" 1 . For the projections 
(considered with the intrinsic distance) however the ratio in question is equal to ^ 
by similarity of Euclidian triangles. □ 

Let now M< e be a thin component which is a tubular neighborhood of a short 
geodesic, and let M< e be a connected component of its pre-image in the upper half 
space. We may suppose that the short geodesic lifts to c = (0, oo). Suppose that 
the length of the short geodesic is r. Note that G c = Ng{G c ) and hence it follows 
from the Margulis' lemma that r p c is contained in G c . Choose a fundamental 
domain for T p ^ e in M< e of the following form: 

J 7 = {(r, 0, a) : r < ip(9), 1 < a < e T } 

where ^(9) is defined to be the radial horoshpherical distance for which at direction 
9 the minimal displacement is exactly e, i.e. 

miri{d 7 (x) : 7 € r p e } = min{d 7 (x) : 7 € T} = e 

for x £ E™ -1 of coordinates (ip(9),0). 

By Lemma [9.101 there is a constant f > such that if r < f then \/9, ij){6) > R- 
We may suppose that r < f . We wish to estimate the integral of ft(x) over T . Wc 
divide the domain to two parts, J-\ = {0 < r < R} and T-z = {R < r < ip(9)}: 

ft{x)dx = / f t (x)dx + / f t (x)dx. 
it JTx Jt 2 

The first integral can be bounded using Lemma 19.71 

/ ft{x)dx < vol(J"i) • dr- 1 < t ■ vol(B"- 1 )(i?) ■ C^- 1 = vo\{B n - 1 ){R) ■ C x 

JTi 

where B' 1 ^ 1 is an Euclidian (n— l)-ball of radius R. So the first integral is bounded 
by a constant. Recall that the volume of each thin component is bounded below by 
a constant since one can inject an | ball tangent to the boundary of the component. 

Let us estimate the second integral. Note that by Lemma [9?T2] the r p e minimal 
displacement at (r,9) for r > R is at least a -1 -^y. Therefore using Lemma [9?8l we 
deduce 

r i"4>(6) 
f t (x)dx < C 2 a s / d9 / (^T\t ■ r)r n - 2 dr < 

<r 2 Jets—* Jr 

<Const-r/ (ip{9) s r^^drjde < Const / (r^(9))i;(9) n - 1 d9. 

The point is that the last term is, up to a constant, the volume of the thin compo- 
nent. This concludes the proof of Theorem 19.51 in the real hyperbolic case. □ 
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Next we will give the proof of Tfieorem l9.5l for general rank one symmetric spaces. 

9.13. Variation vector fields. The variation vector field Vy(t) = ^ s _ Q /3y(i, s) 

of the geodesic variation /3y(i, s) = exp(sA) exp(tY)xo is an orthogonal Jacobi field 
along the geodesic ay', it moreover satisfies Vy(0) £ M.A. In any locally symmetric 
manifold the Jacobi differential equations have simple explicit solutions (c.f. |791 
p. 109 111]). In particular p has an orthonormal basis Ui = Y, U~2, ■ ■ ■ , U n which 
consists of eigenvectors of the (self-adjoint) curvature operator Ky — (&dY) 2 : p — > 
p. We let Ai = 0, A2, • • • , A n be the corresponding eigenvalues and extend the Ui to 
vector fields Ui(t) along r by parallel translation. Then the space of Jacobi fields 
V(t) along t that are orthogonal to r and satisfy V(0) £ M.A is spanned by the 
vector fields: 

cosh.(t-\/A~2)E/2(t) and siah.(t-\/\j)Uj(t)(j =3,. . .n). 

Note that since X is rank one A^ > for j > 2. In particular V(t) grows at some 
fixed exponential rate as t tends to infinity. 

9.14. The proof of Theorem 19.51 We will make computations in radial coordi- 
nates around the geodesic c. We parametrize the space X \ c by 

{fir(t,a) : set, Y £ p, (Y, A) = 0, t£ (0,+oo)}. 

Then, we can parametrize M< e \ c by 

{0 Y (t, s) : s £ BR, Y £p, (F, A) = 0, t £ (0, T(Y))}. 

We construct a fundamental domain for Tq in M^ e as follows. Let N C X be the 
co-dimension 1 sub-manifold which is the union of all geodesies passing through xq 
perpendicularly to c. In other words, N is the pre-image of xq under the nearest- 
point-projection from X to c. We let T be the region in M< e bounded between N 
and 70 • N and denote by J-"o the "bottom" of J 7 , i.e. 

^ = JVnM| e = {M*»o) : Fep,<y,A) = 0, te (o,T(y))}. 

Let dx(x) denotes the Riemannian volume form of X and d^(x) the Riemannian 
volume form of N. We claim that the intrinsic Riemannian volume of To bounds 
the integral of / over the thin component. 

9.15. Proposition. There exists some constant C = C(e) such that 

[ ft{x)al{x) < C{e) ■ vol N (T ) 

JM< t/2 

where voIn(To) := d]y(x). 

Let M< e/2 be the pre-image in M£ e of M° e/2 := M< e/2 n M< e , and let P = 
T n M^ t ^ 2 and J 7 ^ = TqD ^< e / 2 - Note that J 7 ' is a fundamental domain for Tq in 
M< £ , 2 . In the proof of Proposition 19. 151 we will make use of the following: 

9.16. Lemma. Let (J^)^ &e t/ie e neighborhood of T§ in M^ e ^ 2 . Then 

vol({T' ) t ) < h ■ vol N (To), 
where h is some constant depending only on X and e. 
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Proof. Let V be a maximal e/4 discrete subset of (JF'^e and let p — card('P). By 
maximality of V, the e/4-balls centered at V covers {JFq)c and hence 

vol((^)«) <p-vol(fl e/4 ), 

where B e u is an e/4-ball in X . In order to prove the lemma we will show that p is 
bounded by a constant times voIat(J-o). 

For every x £ V let ir(x) be an arbitrary nearest point of x in Fq, and note 
that d(x,n(x)) < e. Since !F' C M< e /2, for every j/ 6 JJ there is 7 € To such 
that dy(j/) < e, which implies that c? 7 (z) < 2e at any z £ B(y,e/2), i.e. the 
e/2 ball around every point in is contained in Af< £ . Consider the p balls 
Bj7 (tt(x),€/2), 1 e ?. These balls cover a subset of J-o- Moreover, since X is 
non-positively curved, it follows from [941 Theorem 27] that the intrinsic volume of 
each such ball is at least v := the volume of a (dim(X) — 1) dimensional Euclidian 
ball of radius e/2. Moreover, if y £ Bjr (Tr{x),e/2) then d(y,x) < 1.5e, i.e. x is 
inside the 1.5e ball around y. Since V is e/4 discrete, card(B(?/, 1.5e) n "P) is at 
most u := vo\(Bi,Q25e)/vol(Bo,i25 e ). It follows that every point of J-"o is covered at 
most u times. Thus p < S . vo1at(J : o). □ 

Proof of Provosition \9. 15[ Since J 7 is a fundamental domain for To in M< e it follows 
that 

f ft(x)d(x) = f f t (Z)d x (x). 

JM< c /2 J T 1 

Recall from Proposition 19.61 that 

ft(x) < D(e) ■ card(S 5 , e ) 

where 

Si, e = {7 E T : d 7 (i) < e}. 

In addition 

card(S ii£ )(ix(i) = volx({cr ■ x : x e T' , a e S^J), 

where the function in the left side is integrable and the later set is measurable since 
the set valued function x 1— >• T, x , e is locally constant. 

Recall that S I £ C To, and in particular leaves M^- e ^ 2 invariant. Thus, the set 

{a ■ x : x € J 7 ', a € 

consists of points which lies in M< e / 2 an d at distance at most e from T' . Observe 
that F' itself is contained in the e/2-neighborhood of J-q. (Indeed, if y £ T' then 
there is some 7 £ To such that d 1 (y) = eL-i(y) < e/2 and one of the geodesic 
segments [j/,7 • y] or [y,7 _1 • y] hits Fq as the convex set {z : d 7 (z) < e/2} is 
contained in T' and the end points of one of these segments are at different sides 
ofTj.) Thus 

{cr • x : x £ T', a £ S X)e } C (J"o) e 
and we deduce the proposition from Lemma 19.161 □ 

In view of Proposition 19. 151 Theorem 19.51 will follow if we show: 

9.17. Lemma. 

voIn(Fq) < e ■ «oZ(M< e ), 
for some constant e — e(X, e). 



7 
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Proof. Let Y G p be orthogonal to A. We denote by ds n an infinitesimal sector in 
the unit sphere T± (N) of 

T £o (N) = {Zep : (Z,A)} 

around Y. It follows from ^9.131 that the intrinsic volume of the shade of dsjv in 
the r sphere Sn(%o, r) is exp(a(Y", r) • r)dsN where a(Y, r) converges, uniformly as r 
tends to infinity, toward a positive constant which depends only and continuously 
on Y . We conclude that given 6 > o there are R < oo and K < oo such that if 
: T~ a (N) — > [R, oo] is any continuous function then 

(9.17.1) voM{/3kM) : Y €p,(Y,A) = 0, t € (0,^(Y)]}) 

<K-vo\ N ({(3 Y (t,o) : Yep,{Y,A) = o, iG[^(y)-«,v0O]}). 

Let us now explain how to deduce Lemma [9.171 Let 5 = A, and let i? be the 
radius above. It follows from Lemma 19.101 that there is a constant To such that if 
t < t then T(Y) > R, YY G T~ o (N). We may indeed assume that r < r because 
when r > To Lemma 19.171 holds trivially with e = 1/tq. Let 

:= {0 Y (t,O) ■ Y ep,{Y,A) =0, te [T(Y) - S,T(Y)}}. 

By (|9.17.1|) we have 

voW({^(t,0) : Yep,(Y,A)=0, t e (0, T(Y)}}) < k ■ vo\ N (J%). 

Now since S = e/10 the L -minimal displacement at any point in J 7 ^ is at least |e, 
and for every point in the 5- neighborhood of J 7 ^ is at least |e. In particular, it 
follows that the set 

T s := {fiy(t, 0) : Y G p, (Y, A) = 0, t e [T(Y) - 6, T(Y)}, length(M*> [0, a]) < 5} 

is disjoint from its Lo-translations, hence contained in a fundamental domain of Lo 
in M° <t . We deduce that 

S ■ voW(^) = volx(.F 5 ) < vol(M| e ). 
This completes the proof of Lemma 19.171 and hence of Theorem 19.51 □ 

9.18. The proof of Proposition HOI Let us now explain how to deduce Propo- 
sition [93] from Theorem 19.51 Let X be a rank one symmetric space of dimension 
d and let k £ {1, . . . , d}. Let M n be a sequence of compact X-manifolds which 
BS-converges to X. For a fix t let f t : M -> R >0 be as in Paragraph 19.21 First 
recall that by Lemma [8.251 there is a constant c(t) such that for every x G M 

f t (x) < c(t)InjRad M (a;)- d . 

Let X] > 0. For r > we denote by M< r = {a; G M : InjRad M (x) < r} the 
r-thin part of M and by M >r its complement. Let ro be sufficiently large so that 
c(t)r~ d < 77/3. Since M n BS-converge to X for all sufficiently large n 

vol((M n ) >6/2 n(M n )< ro ) < ry 6 d 

vol(M„) ~ 3 ' 2 d c(t) ' 

and 

vol((M n )< e ) 
vol(M„) -3C (X,t)" 
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With Theorem I9.5[ the last inequality implies that 

J,r \ f ft{x)dx < ~. 

vol(M„) J(m„)< £/2 3 

1 



Thus we conclude: 



vol(M„) J Mn 



f(x)dx 



VOl(Mn) W(A/„)< £/2 J(M„) >5/2 n(M„)<,. J(M n ) >T0 / 3 3 3 

□ 

9.19. The proof of Theorem l97fl Recall that /3 k (X) = unless d = dim(X) is 
even and k = d/2 and that, by Hirzebruch's proportionality principle, the normal- 
ized Euler characteristic x(M)/vol(M ) is constant over compact X-manifolds and 
equals j3d(X). Therefore it is enough to show that for every sequence M n of closed 
X manifolds that BS-converges to X and for every k € {1, . . . , d}, 

limsup < h{X). 

n^oo VOl(M n ) 

Let i] > 0. Since 

/3 k (X) = lim Tr(e- tA i 2 '(i,i)) 

(where, by homogeneity, the right hand side is independent of x), we may take t 
sufficiently large so that 



Finally, 



Pk(X)+ V >Tiie- tAi * 2 \x,x)). 



b ^ <—L- I Tr(e-^(x,x)) 



vol(M„) - vol(M„) 7 Mri 



< Tr(e-* A i 2> (i, i)) + —1— / f(x)dx 
vol(M„) J Mn 

<(3 k (X)+r 1 +— ±— [ f(x)dx, 
vol(M„) J Mn 

and since, by Proposition 19.31 the last addend tends to when n tends to oo and 
T) is arbitrarily small, the result follows. □ 

10. Growth of torsion 

When the symmetric space X = G/K is L 2 -acyclic — meaning that f3 k 2 \x) = 
— it is natural to consider the secondary invariant given by the L 2 -torsion. We first 
review its definition and then consider the corresponding approximation problems. 
We continue with the notations of the preceeding sections. In particular we let T be 
a cocompact torsion-free subgroup of G and let M = T\X. Recall that A*., resp. 
Al 2 \ is the Laplacian on differentiable (L 2 ) fc-forms on M, resp. X. 
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10.1. i 2 -torsion. Recall that — being G- invariant — the trace of the (X-)heat 
kernel e~ tA <= ' {x, x) on the diagonal is independent of x. It is well known, see e.g. 
[T7l §5], that the integral 

-L /°°t-Hr e- tA *\x,x)dt 
r ( s ) Jo 

is absolutely convergent for Re(s) sufficiently large and extends to a meromorphic 
function of s £ C which is holomorphic at s = 0. 
Define via 

do.1.1) #<,, 4D-')'« (sLf£) jf*- 1 " ■ 

(The product of t^? with the volume of M is the L 2 -analytic torsion of M.) It is 

(2) 

possible to compute t { s '(p) in a completely explicit fashion, see [5T] or [171 §5]- It 
is non-zero if and only if 6(G) = 1. 

Examples. The groups SLafC), SLa(IR), SO„, m nm odd all satisfy 5 = 1. In fact 
this is a complete list of almost simple groups with S = 1, up to isogeny. When 
G = S02 P +i,i the space X = H 2p+1 is the (2p + l)-dimensional real hyperbolic 
space. We have: 

(2) _ J_ (2) _ _3J_ 
3 " 6tt' h5 " 45^ 2 ' 

10.2. Along BS-convergent sequences it is natural to ask the following: 

Question. Let M n be a sequence of compact X-manifolds which BS-converges to 
X. Is it true that for every k < dim(X) we have: 

log|ff fc (M»,Z) tors | _^ f | t W| if k = iiis^i 
vol(M„) \ otherwise ? 

This question is too naive as showrF^ by the following theorem of Brock and 
Dunfield [HI Theorem 1.1]: 

10.3. Theorem. There exists a sequence of hyperbolic integer homology 3-spheres 
which BS-converges toward the hyperbolic 3-space. 

Brock and Dunfield don't have a good control on the injectivity radius of their 
examples but one may even expect to construct uniformly discrete such sequences. 
Along the BS-converging sequences constructed by Brock and Dunfield the Cheeger 
constant tends to 0. Nonetheless numerical computations by Haluk Sengun [106] 
suggest that the answer to the question above is negative even for uniformly discrete 
sequences with Cheeger constant uniformly bounded away from zero. Denoting by 
Tm the analytic torsion of M we nevertheless propose the following: 

10.4. Conjecture. Let M n be a uniformly discrete sequence of compact X -manifolds 
which BS-converges to X. Assume that the Cheeger constant of M n is uniformly 
bounded away from zero. Then we have: 

l0g(T M J (2) 

vol(M n ) x ■ 

13 Recall that t^S = -1/&7T. 
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Remarks. 1. According to the Cheeger-Mueller theorem [33|[84] the analytic torsion 
Tm decomposes as a product of 

dimX 

n (-l) fe+1 |H fe (A/,Z) tors | 

k=0 

by a regulator, see [171 eq. (2.2.4)]. In the arithmetic case it is expected that the 
regulator part disappear along congruence, but the computations of Sengun suggest 
that in more general situation the regulator part should contribute to the limit. 

2. We cannot consider arbitrary sequences BS-concerging toward X in the con- 
jecture above: the sequence of Theorem 110.31 is made of homology spheres so that 
there is no regulator part. 

3. Even for towers of normal coverings the conjecture is widely open. 

Following |17) one may similarly consider cohomology and torsion with coefficient 
twisted by a finite dimensional representation of G. In that setting it is even possible 
to prove positive results toward the above question. We briefly recall the setting of 

10.5. Let g (resp. t) be the real Lie algebra of G (rcsp. K). Put u = i ® ip; 
its normalizer inside Gc is a maximal compact subgroup U of Gc- Let p be an 
irreducible representation of U; it extends to a unique holomorphic representation 
of Gc on a complex vector space E p . 

There is, up to scaling, one [/-invariant Hermitian metric on E p . We fix an inner 
product (— , —)e in this class. 

10.6. The representation a — p\K gives rise to a G-equi variant hermitian vector 
bundle on G/K: namely, (Gx V a )/K, where the if-action (resp. G-action) is given 

by (#) v ) ~* (9k, o~(k~ 1 )v) (rcsp. (g,v) A (xg,v)); thus, smooth sections of the G- 
equivariant vector bundle associated to V a are identified with maps G°°(G, V a ) with 
the property that f(gk) — a(k~ 1 )f(g). We denote this vector bundle also as E p . 
Note that this bundle is G-equivariantly isomorphic to the trivial vector bundle 
E p x G/K, where the G-action is via x : (e,gK) — > (p(x)e, xgK). 

10.7. Set V to be the vector bundle on M induced by p (i.e., the quotient of the 
total space E p x X by the F-action). Let A& be the Laplacian on i? p -valued k- forms 
on M. We denote by Tm(p) the analytic torsion twisted by p, see e.g. [85] 

Note that H*(M;V) is isomorphic to H*(T;V). We say, accordingly, that p is 
acyclic for L when H k (X; V) = for each k; equivalently, the smallest eigenvalue 
of each A& is positive. We say that p is strongly acyclic if there exists some uniform 
positive constant 77 = n(G) > such that every eigenvalue of every for any 
choice ofT is > rj. The remarkable fact is that there exists a large and interesting 
supply of strongly acyclic representations; see |17j . 

10.8. Twisted L 2 -torsion. Here again the trace of the (X-)heat kernel e -tA fc ' (x, x) 
on the diagonal is independent of x, because it is invariant under G. And according 
to jTTl §5] we may define the twisted L 2 -torsion t^ (p) as in the trivial coefficient 
case. It is explicitely computed in [17[ §5] . Replacing the main lemma of the proof 
of [HI Theorem 4.5] by Corollaries 18.271 and l4~7l we get the following: 
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10.9. Theorem. Assume that p : G — > GL(E) is strongly acyclic. Let M n be 
a uniformly discrete sequence of compact X -manifolds which BS-converges toward 
X. Then we have: 

log(?M„(p)) A2), v 

vol(M„) ^ tx {P) - 
We refer to [17] for applications and just point out the following: 



10.10. Example. Given any orientable compact hyperbolic 3-manifold M — T\M? 
we can consider the discrete faithful SL2(C)-representation a can : T SLa(C). It is 
strongly acyclic (see Example (3) of [UJ §5.9.3] with (p,q) = (1,0)). In particular: 
the corresponding twisted chain complex 

C*(M) ® m C 2 

is acyclic and it follows that the corresponding Reidemeister torsion t(M, a can ) £ 
R* is defined. According to the Cheeger-Mueller theorem extended to unimodular 
representation by Mueller [84] we have Tm(p) = \t~(M, a C an)| and Theorem 11.131 
follows from Theorem 110.91 

Given a hyperbolic knot Dunfield, Friedl and Jackson [87] have introduced an 
invariant T?c(i) £ C[i ±:L ] which is defined as the normalized twisted Alexander 
polynomial of K corresponding to the discrete and faithful SL2(C)-representation 
of the knot group. It follows from [1091 Corollary 3.12] and [99] Theorem 3.7] or 
[65] Theorem 4] (when the twisted Alexander polynomial is zero) that the following 
holds: Let M n be the n-th cyclic ramified cover of § 3 along K, then for n large 
enough M n is hyperbolic and 

(10.10.1) lim -]og|T(M„,ew)| = -logm(750, 

n— »+oo n 

where m is the exponential Mahler measure. On the other hand Friedl and Jackson 
[52"] produce computations that suggest that logm(Tk-) correlates strongly with 
vol(K): As vol(if) tends to infinity the ratio logm(T/f )/vol(A") seems to tend to a 
constant w 0.29. 

Let M n be the hyperbolic orbifold with underlying space S 3 and n-th cyclic 
singularity along K. Then M n is a regular n-sheeted cover of M n . Now recalling 
that M n BS-converges toward § 3 — K (and in particular that vol(M n ) —> vol(A)) 
as n tends to infinity and that 11/127T w 0.29, in view of Theorem l 1 . 1 31 and equation 
(1 1 . 1 . 1 [) it is natural to ask the following question (compare [96]): 

Question. Let (K n ) be a sequence of hyperbolic knots in § 3 such that vol(K n ) —> 
+oo. Can it happen that the sequence of finite volume hyperbolic manifolds § 3 — K n 
BS-converge toward H 3 ? 



11. IRS'S OF RANK ONE LlE GROUPS: LIMIT SETS AND INDUCED IRS'S 

In contrast with the rigidity of IRS's in higher rank, there is a wealth of ergodic 
IRS's in rank one Lie groups. The simplest new examples in rank one come from 
the induction of invariant random subgroups of lattices, which we now describe. 
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11.1. Induction. To begin with, let T be a lattice in a Lie group G and sup- 
pose that r contains a normal subgroup A; we construct an IRS supported on the 
conjugacy class of A as follows. The map G 3 g n- g _1 Ag E Subc factors as 

G — > T\G — -> Sub G , 

and the second arrow pushes forward Haar measure on Y\G to an IRS /i\ of G. 
Geometrically, if D C G is a fundamental domain for T and Z? is its image in G/A, 
then a /XA-random subgroup is the stabilizer in G of a random point in D. If A is 
a sublattice of T this is coherent with the previous definition. 

This construction produces new examples of invariant random subgroups of rank 
one Lie groups. Namely, lattices in K-rank 1 simple Lie groups are Gromov hyper- 
bolic and it follows from [56, Theorem 5. 5. A] that they contain infinite, infinite index 
normal subgroups. In otherwords Margulis normal subgroup theorem is known to 
fail for these groups. Note that if G = SO(l,n) or SU(l,n), this can be seen for 
example because in any dimension there are compact real or complex hyperbolic 
manifolds with positive first Betti number. Now any such infinite, infinite index 
normal subgroup A of a lattice in one of these groups G gives an IRS supported on 
the conjugacy class of A. In particular, Theorem 14.21 fails for these G. 

The above is a special case of 'induction' of IRS's of G from IRS's of lattices. 
Note that if L is a finitely generated group, then an invariant random subgroup of 
r is just a probability measure /i € 'P(Subr) that is invariant under conjugation. 
Examples include the Dirac mass at a normal subgroup, and the mean over the 
(finitely-many) conjugates of a finite index subgroup of a normal subgroup. Less 
trivially, Bowen |24| has shown that there is a wealth of invariant random subgroups 
of free groups. 

So, let \i be an IRS of a lattice L in a Lie group G. Define the IRS of G induced 
from \± to be the random subgroup obtained by taking a random conjugate of T 
and then a /i-random subgroup in this conjugate (which is well-defined because of 
the invariance of fi) . Formally, the natural map 

G x Sub r 3 (g, A) — ► gAg^ 1 e Sub G 

factors through the quotient of G x Subr by the T-action ({?, A)7 = (97,7^^7). 
This quotient has a natural G-invariant probability measure, and we define our IRS 
to be the push forward of this measure by the factored map (G x Subr)/L — > Subg- 

It follows from Proposition [276] that any ergodic IRS other than hq is supported 
on discrete subgroups of G. So, a natural question to ask is whether all ergodic 
IRS's in G different from /iq are induced from IRS's in some lattice T < G. In 
Sections 1 1 2 . 1 U 1 2 .51 and H~3l we give examples that show this is not the case. However, 
all of our examples are weak limits of IRS's corresponding to lattices in G. 

We therefore ask: 

Question. Is every ergodic IRS of a simple Lie group G other than fie a weak 
limit of IRS's corresponding to lattices of G? 

11.2. Limit sets of rank one IRS's. We show in this section that IRS's in rank 
one groups have either full or empty limit set. This is a trivial application of 
Poincare recurrence that works whenever one has a reasonable definition of limit 
set. 

Let G be a simple Lie group with ranka(G) = 1. The symmetric space G/K is a 
Riemannian manifold with pinched negative curvature and therefore has a natural 
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Gromov boundary doaX. The limit set A (if) of a subgroup if < G is the set of 
accumulation points on dooX of some (any) orbit Hx, where x £ X. We say that 
if is non- elementary if A(if) contains at least three points. 

11.3. Proposition. Suppose that G is a simple Lie group with rank^(G) = 1 and 
that H < G is a closed, non- elementary subgroup. Let A < if be the compact, 
normal subgroup consisting of all elements that fix pointwise the union of all axes 
of hyperbolic elements of H . Then if \i is an IRS of H, either 

(1) the limit set of a ^-random T < H is equal to A(ff), or 

(2) /i(Sub A ) > 0. 

In particular, any IRS of G without an atom at id has limit set d^X. As a 
further example explaining condition (2), note that if — SO(2, 1) x SO(3) embeds 
in SO(5, 1) and any IRS of A — SO(3) induces an IRS of if with empty limit set. 

Proof. Assume that with positive /^-probability, the limit set of a subgroup T < H 
is smaller than A(if). As A(if) is second countable, there exists an open set 
U C A(if) such that A(T) n U = with /^-probability e > 0. Since if is non- 
elementary, there is a hyperbolic element h £ H with repelling fixed point A_ e U 
(see [59l Theorem 1.1]). The element h acts on d^X with north-south dynamics 
[59) Lemma 4.4], and we let A + 6 dooX be its attracting fixed point. Then for each 
i, the /^-probability that A(r) n h l (U) = is also e, by if-invariance of fi. 

Passing to a subsequence, we may assume that the sets h*(U) form a nested 
increasing chain with union dooX \ A + . Therefore, passing to the limit we have 
that the /^-probability that A(r) C {A + } is e. The /i-probability that A(r) = {A + } 
cannot be positive if H is non-elementary, since the iJ-orbit of A+ is infinite [59j 
Theorem 1.1] and there is equal probability of having limit set any translate of A+. 
Therefore, A(r) = with positive /i-probability. 

Suppose now that (2) does not hold: then with positive /^-probability we have 
A(r) = and T ^ A. Pick some T < H that satisfies these two conditions such 
that in every neighborhood of T the /i-probability of satisfying the two conditions 
is positive. Since T has empty limit set, T must be finite and therefore has a 
nonempty fixed set Fr C X, which is a totally geodesic hyperplane in X. Since T 
is not contained in A, there is some hyperbolic element h € H whose axis is not 
contained in Fp. Then fixing x G X, 



as i increases. Moreover, this is true uniformly over some neighborhood U of T G 
Sub# . Namely, for sufficiently small U, we have that as i increases, 



We can rephrase this by saying that as i increases, 

inf max dist ( , y(x), x) — > oo. 

finite r'G ier' 

Thus for an infinite collection of indices i, the subsets h~ l Lth l are pairwise disjoint in 
Subjy. This is a contradiction, since they all have the same positive /i-measure. □ 

If r < G is a subgroup whose limit set is not the full boundary c^G, then there 
is no upper bound for the local injectivity radius injp\x{x) at points x € T\X . 
We pose the following question, which is related to Proposition 1 11. 31 




inf max 

finite T'eU -yeV 
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11.4. Question. Suppose that fi is an ergodic IRS of G. Does the function 

Sub G ^M, r inj r \ x {[id}) 

have finite [i-expected value 1 ? Here, [id] is the projection of the identity element 
under G — > T\X = T\G/K. 

The condition on ergodicity is essential, as otherwise one can easily construct 
convex combinations of lattice IRS's with infinite expected injectivity radius. Also, 
in Section ll2.ll we construct ergodic IRS's that have unbounded injectivity radius. 

12. Exotic IRS in dimensions two and three 

12.1. Random trees of pants — examples in G = S0(2, 1). The idea for this 
construction was suggested by Lewis Bowen. 

Suppose that S is a topological surface obtained by gluing together pairs of pants 
in the pattern dictated by a 3-valent graph X, i.e. properly embed X in M 3 and let 
S be the boundary of some regular neighborhood of it. Let C be the set of simple 
closed curves on S corresponding to the boundary components of these pants. Each 
hyperbolic metric on S determines a function 

C-»(0,oo)x£\ c^(l c ,t c ), 

called its Fenchel-Nielsen coordinates. The coordinate l c records geodesic length 
and t c is a 'twisting parameter'. Moreover, these coordinates parameterize 

M(S) :— { hyperbolic metrics on S }/ ~, 

where d\ ~ d<i if there is an isometry (S,di) (S, d%) preserving the homotopy 
class of each curve in C, [78] . 

Pick a Borel probability measure v on (0, oo) and consider S 1 with Lebesgue 
probability measure A. We then have a probability measure (y x A) c on the moduli 
space M(S). Fix some pair of pants P C S bounded by curves in C. We create an 
IRS \i of G as follows. Randomly select an element [d] E A4(S), represented by a 
hyperbolic metric d on S. Let Pd C S be the totally d-geodesic pair of pants in the 
homotopy class of P and pick a base frame / on Pd randomly with respect to its 
Haar probability measure mj. The stabilizer Stab((i, /) of / under the G-action on 
the frame bundle of (S, d) is a /x-random subgroup of G. 

More formally, if A C Subc is a Borel subset, let 

M = [ m d L%HZA%)%) d ^ X A ) C - 

JdeM(S) v v ' ' 

12.2. Proposition. If the 3-valent graph X is vertex transitive, then fi is G- 
invariant. Moreover, if X is also infinite then /u, is ergodic. 

Proof. Fix g G G and some Borel subset A C Subg. Subdividing A if necessary, we 
may assume that there is some pair of pants P' C S bounded by curves in C such 
that if d is a hyperbolic metric on X as above and / is a frame on Pd, then 



Stab(d, /) G A 



9f G P d , 
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where P' d is the totally d-geodesic pair of pants homotopic to P' . Then we have 



Here, the first equality follows from our assumption on A and the fact that g acts 
as a measure preserving homeomorphism on the frame bundle of (S,d). For the 
seco nd, let v <— > v' be a graph isomorphism of X taking the vertex corresponding 
to P to that corresponding to P', Then there is an induced map d H> 61 on M.{S); 
this map preserves the measure [y x A) c , so the second inequality follows. 
Now suppose that X is infinite and A C Subg is a G-invariant set. Define 



The set A is invariant under the action on A4(S) corresponding under Fenchel- 
Nielsen coordinates to the subgroup of C-permutations arising from graph auto- 
morphisms of X. As X is infinite and vertex transitive, for every finite subset F 
of C there is such a permutation such that F is disjoint from its image. It follows 
from a standard argument that the (y x A) c -measure of A is either or 1. As A 
is G-invariant, it can be recovered from A as the set of stabilizers of all frames on 
(S,d) where d ranges through A. Therefore, n(A) is either or 1. □ 

If X is infinite and vertex transitive and v is non-atomic and supported within 
(0, e), where e is less than the Margulis constant, the measure /i cannot be induced 
from a lattice. For then with full (y x A) c -probability, the length parameters of the 
Fenchel-Nielsen coordinates of a point in M.(S) cannot be partitioned into finitely 
many rational commensurability classes. In a finite volume hyperbolic surface, 
there are only finitely many closed geodesies with length less than e. If a hyperbolic 
surface isometrically covers a finite volume hyperbolic surface, then the lengths of 
its closed geodesies that are shorter than e can be partitioned into finitely many 
rational commensurability classes. Therefore, at most a measure zero set of Fenchel- 
Nielsen coordinates give hyperbolic structures on S that isometrically cover finite 
volume hyperbolic surfaces. This shows that fi cannot be induced from a lattice. 

There is one additional feature of this example that is of interest: 

12.3. Proposition. If X is an infinite 3-valent tree and v has unbounded support, 
then the injectivity radius at the base frame of a framed hyperbolic surface has 
infinite /i-essential supremum. 

This should be compared with Question lll.4[ which asks whether there is an 
ergodic fi such that the injectivity radius function has infinite /i-cxpected value. 

12.4. Lemma. Suppose I > and P is a hyperbolic pair of pants with geodesic 
boundary all of whose boundary components have length in [1,1 + 1]. Let 7 be a 
geodesic segment in P that has endpoints on dP but is not contained in dP. Then 




fi(gA). 



A = {d£ M(S)\3 a frame / on P d with Stab(d, /) G A} . 




Also, if the endpoints 0/7 lie on the same component of dP then length^) > 
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Proof. It suffices to prove the lemma when 7 is a simple closed curve. For the 
first part, double P to obtain a closed hyperbolic surface of genus 2. There is a 
closed geodesic 7 on this surface homotopic to the double of 7; this has length 
at most twice that of 7. The Collar Lemma [49] Lemma 12.6] states that the ra- 
dius sinh~ (l/sinh(ilength7))-neighborhood of 7 is an annulus; as some boundary 
curve of P intersects 7, this radius is at most I. This gives the first inequality. 

If the cndpoints of 7 lie on the same component of dP, they partition that 
component into two arcs a and /3. Without loss of generality, length(a) < ^4p. But 
the concatenation 7 • a is homotopic to one of the other two boundary components 
of P, so it must have length at least I. The lemma follows. □ 

Proof of Proposition \12.3\ Recall that to pick a //-random framed hyperbolic sur- 
face, we choose length and twist parameters for each edge of X, produce from these 
a hyperbolic metric d on the surface S and then choose a base frame randomly from 
a totally geodesic pair of pants Pd on S corresponding to some root of X. Fix some 
large I, R > such that u([l, I + 1]) > 0. Then with positive probability the length 
parameters for every edge in an i?-ball around the root in X are within [I, I + 1]. It 
follows that the injectivity radius at any point p € Pd is at least 



To see this, note that the injectivity radius is realized as the length of a geodesic 
segment which starts and terminates at p. Either this geodesic enters and leaves the 
same boundary component of some pair of pants with boundary lengths in [I, Z+l], in 
which case the first estimate applies, or it passes through at least R such pants and 
the second applies. As ★ can be made arbitrarily large, the proposition follows. □ 

12.5. IRS's of PSL2C supported on thick surface groups. Suppose that E is 
a closed, orientable surface of genus g. In this section we construct a large family 
of IRS's of PSL2C that are supported on subgroups F with H 3 /r homcomorphic 
to E x R. These examples are similar in spirit to those constructed — in any 
dimensions — by gluings in the following section, but have the added feature that 
they are supported on finitely generated subgroups of PSL2C. 

The authors would like to thank Yair Minsky for an invaluable conversation that 
led to this example. 

12.6. The construction makes use of the action of the mapping class group Mod(E) 
on the Teichmuller space T(E); we refer to [78], [60], [49] for the general theory. 
We identify T(E) as the space of equivalence classes of hyperbolic metrics on S, 
where two metrics do,d\ are equivalent if there is an isometry (E,<io) — > (E,eii) 
homotopic to the identity map. We will sometimes denote elements of Teichmuller 
space as (E,d) and sometimes as X, depending on context. The group Mod(E) 
acts properly discontinuously on 'T(E) and the quotient is the moduli space of all 
hyperbolic metrics on E. Teichmuller space admits a natural Teichmuller metric 
(see [SH]), with respect to which Mod(E) acts by isometries. Thurston has shown 
[111] how to give the union of T(E) with the space of projective measured lamination 
space VMC(T.) a natural topology so that the resulting space is homeomorphic to 
a ball of dimension 65 — 6, with T(E) as the interior and T J M.C(T 1 ) as the boundary. 
This topology is natural, in the sense that the action of Mod(E) on T(E) extends 
continuously to the natural action of Mod(E) on VMC(T,). 
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Our construction of IRS's of PSL2C relics on the following definition. 

12.7. Definition (Farb-Mosher). A finitely generated, free subgroup F C Mod(E) 
is Schottky if any orbit of the action of F on T(S) is quasi-convex, i.e. after fixing 
X G T(S), there is some C > such that any Teichmuller geodesic segment that 
joins two points from the orbit F(X) lies in a C-neighborhood of F(X). 

Remark. Farb and Mosher |50j have shown that if <p\ , . . . , <p n are pseudo-Anosov 
elements of Mod(E) with pairwise distinct attracting and repelling laminations, 
then for all choices of sufficiently large exponents the elements , . . . , <ffi freely 
generate a purely pseudo-Anosov Schottky subgroup of Mod(S). 

Suppose from now on that <f>\ , . . . , <j> n G Mod(S) freely generate a Schottky 
subgroup F C Mod(S). Choose a sequence of finite strings 

el = ( e lvi4i)i e2 = ( e l; ■ ■ ■ ) e n 2 )' 

with entries in {0, . . . , n} and let C be the sub-shift of {0, . . . , n} z consisting of 
strings all of whose finite substrings are contained in e l for some i. Set 

fi : E ->■ S, fi = o---o^ e i. 
A celebrated theorem of Thurston |113j then implies that each mapping torus 

M fi =i:x[0,l]/(x,0)^(f i (x),l) 
admits a (unique) hyperbolic metric. We let Hi be the corresponding IRS of PSL2C. 

12.8. Theorem. Any weak limit of a subsequence of is an IRS \i of PSL2C 
that is supported on subgroups T < PSL2C with H 3 /T homeomorphic to £ x K. 
Moreover, if the shift space C does not contain periodic sequences, no subgroup 
r < PSL2C in the support of [i is contained in a lattice 0/PSL2C. 

Before beginning the proof in earnest, we give a motivational outline. The idea 
is to associate to use the Schottky group . . . , <p n ) to associate to every element 
7 G {0, . . . , n} z of the shift space a pair consisting of the following elements: 

(1) a hyperbolic 3- manifold A 7 homeomorphic toExtt 

(2) a 'coarse base point' P 7 , i.e. a subset of N 7 with universally bounded 
diameter. 

Shifting a string 7 corresponds to shifting the base point of A^ 7 and convergence 
of 7i G {0, . . . , n} z corresponds to based Gromov Hausdorff convergence of the 
associated pairs (N 7i , P 7i ). A periodic string with period (ei, . . . , ejt) corresponds 
to the infinite cyclic cover of the mapping torus M^ ei! ... ) e , where the placement 
of the base point depends on the particular shift of the periodic string; moreover, 
no aperiodic string produces a hyperbolic 3-manifold that covers a finite volume 
manifold. If the IRS's fii limit to /1 as in the statement of the theorem, then 
the support of /i consists of subgroups T < PSL 2 C with H 3 /T a based Gromov 
Hausdorff limit of the mapping tori Mj i (in fact, of their infinite cyclic covers) 
under some choice of base points. Using the correspondence above, we see that 
such H 3 /r arise from elements of {0, . . . , n} z that are limits of periodic sequences 
used in producing the mapping tori M/ 4 . Varying the base points chosen on Mf i 
gives Gromov Hausdorff limits corresponding exactly to the elements of the sub- 
shift C C {0, . . . , n} z . Therefore, as long as C does not contain periodic sequences, 
no such Gromov Hausdorff limit can cover a finite volume hyperbolic 3-manifold. 
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The correspondence between elements of {0, . . . , n} z and coarsely based hyper- 
bolic 3-manifolds occupies most of the exposition to follow. It will be convenient 
to embed the shift space inside of an auxiliary space, consisting of geodesies in the 
Schottky group F = (</>i, . . . , <f> n ). Namely, we consider F with its word metric: 

dist(<7, h) = mm{k \ h~ 1 g — <f>i x . . . 4>i k }- 

and define the space of geodesies in F as the set 

G(F) := {7 : Z — > F | 7 word-isometric embedding} , 

which we consider with the compact-open topology. The space of geodesies Q (F) 
has a natural shift operator defined by the formula 

S : G(F) !• G(F), S( 7 )(t)= 7 (i-1). 

The group F acts on Q(F) via (g ■ 7 )(x) = g"f(x) and the quotient Q(F)/F can be 
identified with the space of geodesies 7 : Z — > F with 7(0) = 1. Note that the shift 
operator S descends to another 'shift operator', also called S, on Q(F)/F. Finally, 
there is then a natural shift invariant embedding 

{0,...,n} z —>Q(F)/F, e^[ 7e ] 

determined by the constraint j e (i)~ 1 ^f e (i + 1) = (f) ei . 

It now remains to relate elements of Q{F)/F to hyperbolic 3-manifolds. The 
key to this is Minsky's theorem [80 that e-thick doubly degenerate hyperbolic 3- 
manifolds homeomorphic to E x M are modeled on geodesies in the Teichmuller 
space T(E). The plan for the rest of the section is as follows. In section [12.91 we 
show how to go from elements of Q(F)/F to Teichmuller geodesies. Section fl 2. 131 
describes Minsky's theorem above, and the following section completes the relation- 
ship between elements of Q(F)/F and hyperbolic 3-manifolds. Section \12 . 201 shows 
that convergence in Q(F)/F translates to based Gromov Hausdorff convergence of 
hyperbolic 3-manifolds. We then indicate how shift-periodic elements of Q(F)/F 
correspond to infinite cyclic covers of mapping tori, and end with a section devoted 
to the proof of Theorem 112.81 

12.9. Geodesies in F and thick Teichmuller geodesies. Let O : F — > T(S) 
be a fixed -F-equivariant map. It follows from [50[ Theorem 1.1] that the map 
O is a quasi-isometric embedding that extends continuously to an F-equivariant 
embedding O : dooF — > "PA4£(£). The following lemma is implicit in [50] . 

12.10. Lemma. For sufficiently large C > 0, if 7 : Z — > F is any geodesic then 
there is a Teichmuller geodesic a 7 : R — > T(£) such that the Hausdorff distance 
between O o 7(Z) and a 7 (M) is at most C . If we require 

lim a 7 (i) = lim 007(1), lim a 7 (t) = lim 007(1), 

t— >oo i— yoc t— > — 00 i— > — 00 

then a 7 is unique up to orientation preserving reparameterization. 

Proof. By quasi-convexity of 0(F) C T(E), each of the geodesic segments 

a, = [Oo 7 (-!),Oo 7 (j)] c T(E) 

is contained in the e-thick part 

T e (E) = {(S,d) e T(£) I inj(E,d) > e} 

of T(E) for some universal e = e(F,0). Therefore, Theorem 4.2 from [82] implies 
that there exists some C — C(F, O) > such that {O o 7 (— i), . . . , O o 7(1)} is 
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contained in a C-neighborhood of on for all i. This means that all on pass within 
a bounded distance of O o 7(0), so Arzela-Ascoli's theorem guarantees that after 
passing to a subsequence (<Xi) converges to a geodesic a 7 : R — > T(£). Then Oo^lX) 
lies in a C-neighborhood of a 7 (R), and thus also a 7 (K) lies in a C'-neighborhood 
of O o 7(Z) for some C" depending on C and the distortion constants of the quasi- 
isometric embedding O. The uniqueness is |50[ Lemma 2.4]. □ 

Note in particular that ol 1 has image contained in the e-thick part T e (E) for 
some universal e = e{F, O). 

12.11. Remark. Here one word of caution about Thurston's boundary of Teich- 
muller space is in order: if 7 : [0, 00) — > T(£) is a geodesic ray, then it is not always 
true that 7 converges to a single point in the boundary P.M£(£) [57]. It is however 
true if 7 is contained in T e (S), the e-thick part of Teichmuller space, as follows from 
three theorems of Masur [77j Theorem 1.1], [76], [75]. We state these as a lemma: 

12.12. Lemma (Masur). Fix e > and let 7 : [0, 00) — > T e (£) be a geodesic ray. 
Then 7 converges to a point A G 7-\M£(£), and the lamination A is filling and 
uniquely ergodic. Furthermore, if two geodesic rays 7,7' : [0,oo) — > T £ (£) converge 
to the same point ofVA4C(E), then they are asymptotic. 

12.13. Doubly degenerate hyperbolic structures on ExK. In this section we 
review some well-known facts about the geometry of hyperbolic structures on E x K 
and present Minsky's theorem that thick doubly degenerate hyperbolic structures 
are modeled on Teichmuller geodesies. To begin, consider the deformation space 



where the quotient is with respect to the conjugation action of PSL 2 C. We consider 
AH (E) with the topology induced from the compact-open topology on the represen- 
tation variety Hom(7TiE, PSL2C). The space Aff(E) has a geometric interpretation 
as the set of 'marked isometry types' of hyperbolic structures on E x K: 



where (Ni,pi) ~ (-^2,^2) when there is an isometry (f> : N\ — > N2 with <f> o p,i 
homotopic to p2- Here, the correspondence assigns to a representation p the quo- 
tient manifold N = H 3 //o(7riE) and a marking /1 : E — > N such that composing 
/i» : 7TiE — > tt\N with the holonomy map gives p up to conjugacy. We will use 
these two descriptions of Aff(E) interchangeably. 

Suppose now that N is a complete hyperbolic 3-manifold with no cusps that is 
homeomorphic to E x K. The two ends of N admit a geometric classification: very 
loosely, an end of N is convex cocompact if level surfaces increase in area as they 
exit the end, while an end is degenerate if the areas of level surfaces stay bounded. 
We refer the reader to [75] for actual definitions and further exposition. 

One says N is doubly degenerate if both its ends are degenerate. We write 



for the space of all doubly degenerate elements of the deformation space Aff(E). 

If (N, p) is doubly degenerate, each of its ends has an ending lamination, a ge- 
odesic lamination on E that captures the geometric degeneration of level surfaces 
exiting that end (see [78]). Ending laminations are always filling and they always 
admit a transverse measure of full support jHH Lemmas 2.3 and 2.4]. It is therefore 



Aff(E) = {p : 7TiE — >■ PSL 2 C | p discrete, faithful }/PSL 2 C, 




DD(E) = { (N,n) € Aff(E) I N doubly degenerate} 
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convenient to defined the space ££(£) as the set of supports of filling measured lam- 
inations on S; in particular, the weak-* topology on (filling) measured laminations 
descends to a natural topology on ££(£). We then have a function 

£ : W{T,) — > ££(£) x ££(£) 

that takes a doubly degenerate hyperbolic 3-manifold to its two ending laminations. 

The following theorem is well-known: the injectivity is Thurston's Ending Lam- 
ination Conjecture, recently resolved by Brock-Canary-Minsky [55], and the topo- 
logical content follows from standard arguments and Brock's proof of the continuity 
of Thurston's length function [37]. However, a nicely written proof of the full state- 
ment was recorded by Leininger and Schleimer in [66] . 

12.14. Theorem (Theorem 6.5, [66 ). The map above gives a homeomorphism 

£ : £>£>(£) — > ££(£) x ££(£) - A 
onto the space of distinct pairs of elements of ££(£). 

A fundamental result of Minsky [5_T] states that doubly degenerate hyperbolic 
3-manifolds with injectivity radius bounded away from zero are 'modeled' on uni- 
versal curves over bi-infinite geodesies in Teichmuller space. This was an early part 
of Minsky's program to prove Thurston's Ending Lamination Conjecture, which 
as noted above was established by Brock-Canary-Minsky in [28]. The following 
theorem is a major step in this work. 

12.15. Theorem (Minsky [80]). If(N,/j) E T>D(E) is a doubly degenerate hyper- 
bolic 3-manifold and inj(N) > e > 0, there is some C = C(e, £) and a bi-infinite 
Teichmuller geodesic a : K — > T(£) with the following properties. 

(1) If (£,d) is a point on the geodesic a(R) C T(£), there is a point (£,£?') € 
T(£) at distance at most C from (£, d) and a pleated surface fd : (£, d') — > 
N in the homotopy class of /i. 

(2) If f : (£, d') — > N is a pleated surface in the homotopy class of fi, then 
the distance in T(£) between (£,d') and the image a(R) is at most C. 

Moreover, a limits to exactly two points on VM.L(T,) = 9T(£), the unique projec- 
tive measured laminations supported on the two ending laminations £(N,fx). If 

£(N,n) = [ hm a(t), lim a(t) ) , 

\ t— )-oo t— > — oo J 

then a is unique up to orientation preserving reparameterization. In this case, we 
say that (N,fj,) is modeled on the geodesic a C T(£). 

Here, a pleated surface f : (£, d') — > N is a map that is an isometric embedding 
on the complement of some geodesic lamination on (£, d'). Note that in particular 
any pleated surface is 1-lipschitz. We refer the reader to [78] for more details. 

Remark. We should mention that the statement of Theorem 112.151 given here is 
slightly different than that of [50]. First of all, his theorem is more general since it 
deals with arbitrary hyperbolic 3-manifolds rather than doubly degenerate struc- 
tures on S x I. Also, his (1) states that (£, d) can be mapped into N by a map 
with bounded energy, rather than giving a pleated map from a nearby point in 
T(£). The version of (1) above can be deduced from his (1) and Proposition 6.2 
from his paper. Next, Minsky's statement does not reference uniqueness of a or its 
endpoints in VMCiYi). However, if a geodesic a satisfies (1) then it follows from 
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Corollary 9.3 of [81] all accumulation points of a in 'P.M£(£) are supported on one 
of the ending laminations of (N, /i). Furthermore, (1) implies immediately that a is 
contained in some e'-thick part of Teichmuller space, so Theorem 112.121 shows that 
the ending laminations of (N, Li) support unique projective measured laminations 
and that these are the endpoints of a in VM.C(Yi). Theorem 112.121 shows that any 
two such a lie at bounded Hausdorff distance, so as any such a is contained in the 
thick part of Teichmuller space the uniqueness follows from [50[ Lemma 2.4]. 

12.16. Proposition. Suppose that a : R — > T(E) is a geodesic in the e-thick part 
o/T(£). Then there is a unique (N,fi) G 2323(E) that is modeled on a, in the sense 
of Theorem \12.15\ Moreover, inj(N) > e' for some e' > depending only on e. 

Proof. Let A + , A_ e VMC(T,) be the endpoints of a given by Theorem ll2.12l Then 
by Theorem 1 12 . 141 there is a doubly degenerate hyperbolic 3-manifold (N, fi) g 
2323(E) with ending laminations {|A+|, |A_|}. Combining theorems of Minsky [83] 
and Rafi [57] > we see that as a nes m the e-thick part of T(£) there is a lower bound 
inj(N) > e' > for the injectivity radius of N. Then Theorem 112.151 shows that 
there is some Teichmuller geodesic a' C T(£) on which (N, /i) is modeled. But the 
uniqueness statement in Theorem 112.121 then implies that a' = a. □ 

12.17. Geodesies in F and hyperbolic 3-manifolds. Now suppose that 7 € 
G(F) and let a 7 : R — > T(£) represent the oriented Teichmuller geodesic at bounded 
Hausdorff distance from O o 7(Z) given by Lemma H2.10l Let 

(JV 7 ,A*) e 2325(E) 

be the unique doubly degenerate hyperbolic 3-manifold modeled on the geodesic 
a 7 , as given by Proposition 112.161 Then recalling that 7(0) € Mod(E), we define 

/it 7 = jj, o 7(0) : E — > iV 7 . 

This gives a map Q(F) — > 2323(E) defined by 7 ^ (iV 7 , /Lt 7 ). 

Remark. It follows from Proposition 112.161 that the manifolds iV 7 above all have 
injectivity radius inj(N 7 ) > e for some e > depending only on F and O. 

12.18. The map : Q{F) — ► 2323(E) factors as 

Q{F) ^ 2323(E) 




Q{F)/F 

To see this, suppose that 7 € Q{F) and g € F. Then O(g--f) = gO(-f), so the nearby 
Teichmuller geodesies satisfy a gl = ga^. However, if (iV 7 , /x) is modeled on a 7 then 
it follows immediately from the conditions in Theorem 112.151 that (iV 7 ,/U o g^ 1 ) is 
modeled on a gi . So, iV 7 = N gl and // ff7 =/io .g -1 o (g • 7(0)) = // o 7(0) = \x 1 . 

12.19. Proposition. The map Q(F)/F — > 2323(E), [7] i-> (AL, /i 7 ) is an embedding. 
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Proof. As mentioned above, the quotient map G{F) — > Q(F)/F restricts to a 
homeomorphism on the subset Go(F) consisting of geodesic 7 € G(F) with 7(0) = 1. 
Using the notation of section IT 2 . 171 for 7 g Go(F) we have /1 = /i 7 . Therefore, 

g o{F) l^Z^l . OT(E) 



££(£) x ££(£) 

commutes, where E takes a geodesic 7 : Z — > F to the pair of supports of 




O lim j(t) , O lim 7 (t) G 7>M£(E) x ?A^£(S) - A 

Vt— >oo / \ t— >— 00 y / 

and £ is the map that takes a doubly degenerate hyperbolic 3-manifold to its pair of 
ending laminations (see Theorem ll2.14p . The maps E and are continuous and 
injective by Lemma \1 2 . 1 01 and Theorem 112.141 respectively. As the domain Go(F) 
is compact and the co-domain 2?2?(E) is Hausdorff, our map is an embedding. □ 

12.20. The topologies of Q{F)/F and X>X>(E). Let (S,d ) = 0(1) be the point 
in Teichmuller space that is the image of the identity 1 € F. We then have: 

12.21. Lemma. For all sufficiently large C = C(F, O) > 0, there is some D > as 
follows. If j G G{F) then the map /x 7 : E — > iV 7 is homotopic to a C-lipschitz map 

m : (E, cfo) — >■ 7V 7 . 

Moreover, after fixing 7, the union = (J m m(E) 0/ £/ie images of all such maps 
is a subset of iV 7 diameter at most D. 

Proof. With the notation of section 112.171 the point 0(7(0)) lies at a bounded 
distance from the geodesic a 1 . By Theorem 112.151 (1), there is a pleated surface 
/' : (£, d!) — > iV 7 in the homotopy class of \i such that 

dist((£,d'), 0(7(0))) < C\ for some C = C'(F,0). 

But then there is a pleated surface / : (E, 7(0),r 1 <i) — > A^ 7 given by / = /' o 7(0) 
homotopic to /i 7 . Since the Teichmuller distance between (^^(O)" 1 ^) and (£,cio) 
is bounded by O', there is a O-lipschitz map (E,d ) — > (^^(O)" 1 ^) homotopic to 
the identity map [33]. Composing this with / yields the map m desired. 

For the diameter bound on P 7 , fix an essential closed curve a on E. Then if 



(E, d Q ) — ► AT. 



7 



is a O-lipschitz map homotopic to /i 7 , the image m(a) is a closed curve in with 
length at most C length d (a). As the geodesic representative of /i 7 (a) has length 
at least inj(N 1 ) > e = e(F) > 0, its distance to m(a) is at most some D' = D'(F). 
Therefore, D — 2Z?' + Odiam(E, do) is a bound for the diameter of the union P 7 . □ 

One way to interpret Lemma 112.211 is that one can regard the image of G (F) as 
a space of hyperbolic 3-manifolds with preferred coarsely defined basepoints. The 
basepoint for (iV 7 ,/x 7 ) is just any point contained in P 7 ; these basepoints are then 
well-defined up to a universally bounded error. This viewpoint motivates the fol- 
lowing lemma, which should be interpreted as saying that G (F) maps continuously 
when the co-domain is given the topology of based Gromov- Hausdorff convergence. 
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12.22. Lemma. Suppose that 7; — » 7 in G{F) and let C be as in Lemma \12.21\ 
If Pi £ Pzt and {N li: pi) converges in the Gromov-Hausdorff topology to a based 
hyperbolic 3-manifold (N,p), then N is isometric to 7V 7 . 

Proof. By Proposition 1 1 2 . 1 9l the pairs (iV 74 ,/i 7i ) converge to (A r 7 ,/i 7 ) in W(E). 
Let pi : 7riE — > PSL2C be representations with iV 7i = H 3 /pi(7TiE) in such a 
way that the composition of /x* : 7riE — > 7i"iiV 7i with the holonomy map gives pi, 
and assume by conjugation that pi converges to some p 1 similarly associated with 
(iV 7 ,/x 7 ). As there is a universal lower bound for the injectivity radii inj(7V 7i ) by 
Lemma [12.101 and Proposition ll2.16l the image /9 7 (7Ti£) does not contain parabolic 
elements. So, [6j Theorem F] implies that pi(TriS) converges to /? 7 (7Ti£) in the 
Chabauty topology. 

Fix some point p £ H 3 and denote its projection to quotients by p. By 
Theorem E.1.13] the manifolds (JV 7i ,p) converge in the Gromov Hausdorff topology 
to a based hyperbolic 3-manifold isometric to N 7 . As noted in the proof of the 
lemma above, the points pi lie at bounded distance from the geodesic representatives 
in iV 7i of the loops /x 7i (a), where a C £ is any essential closed curve. However, the 
same is true of the points p since these geodesic representatives are the projections 
of the axes of elements Pi([a]) £ PSL2C, which converge as i — > 00. Therefore, the 
distances dist(p, pi) are universally bounded above, which implies immediately that 
the Gromov Hausdorff limit N is isometric to iV 7 . □ 

It is clear from the definitions that shifting a geodesic 7 £ Q (F) does not change 
the isometry type of the manifold N~ ( . Adopting the viewpoint suggested by Lemma 
112. 21[ shifting 7 just changes the coarsely defined basepoint P 7 for N~. The fol- 
lowing lemma shows that the basepoints Ps n (-y) of shifts of 7 coarsely cover N 7 . 

12.23. Lemma. There exists some C = C(F,0) > such that if 7 £ G(F) and 
p G iV 7; then there exists some shift S n (7) and an isometry 

* : JV 7 — ► JV S n (7) 

such that the distance between i(p) and Pg n ^ is at most C . 

Proof. As in section [12.171 assume that (N 7 ,p) is the element of 2?2?(£) modeled 
on the Teichmuller geodesic at bounded Hausdorff distance from 7(2). To prove 
the lemma, we need to show that for large C and some i £ Z, there is a C-lipschitz 
map (£, do) — > N 7 in the homotopy class of poj[i) whose image is within C of p. 

As iV 7 is doubly degenerate, it follows from work of Thurston [11 1] that through 
the point p £ N 7 there is some essential closed curve with length at most some 
C(S). Again by [111] , this closed curve is geodesically realized by a pleated surface 
/ : — > Nj in the homotopy class of p. Since inj(Nj) > e = e(F,0), the 
distance from p to /(£) is at most some C(C , e) = C(F, O). 

By Theorem 112. 1 51 and Lemma [l2.10[ there is a point £ T(E) at Teichmuller 
distance at most some C(F, O) from (S, d). Therefore, there is a C(F, (9)-hpschitz 
map g : 0{"f{i)) — > (£, d) homotopic to the identity map [34]. Then 

(£, d ) = O( 7 (0)) 0( 7 (i)) 9 ~ ld * (E, d) t^t ^ Ni 

composes to a O-lipschitz map homotopic to p, o 7(1) as desired. □ 

We use this lemma to prove the following proposition, which loosely states that 
Gromov Hausdorff limits can always be realized as limits in Q(F)/F up to shifts. 
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12.24. Proposition. Suppose 7; is a sequence in G(F), pi 6 N li and that (N 7i ,pi) 
converges in the Gromov Hausdorff topology to (N,p). Then after passing to a 
subsequence, there is a sequence (ni) in Z and some 7 £ G(F) such that 

[S ni (n)]^h}eG(F)/F 

and N 7 is isometric to N . 

Proof. By Lemma [l2.23l we may assume after shifting each 7, that the base points 
Pi lie in Pf^. Without changing their images in Q(F)/F, we may translate the 
geodesies 7, so that 7;(0) = 1 for all i. Then after passing to a subsequence, (7^) 
converges to some 7 £ G(F), and the proposition follows from Lemma Tl 2. 2 21 □ 

12.25. Shift periodicity and cyclic covers of mapping tori. If g : £ — > £ is 

a pseudo-Anosov homeomorphism, we define M g to be the infinite cyclic cover of 

M ! = Ex[O i 1]/(i,0)~(j(i) 1 1) 

corresponding to the fundamental group of any of the level surfaces £ x {t}. Note 
that the map g is necessary to determine M g — it is not sufficient to know only 
the homeomorphism class of M g . The main result here is the following: 

12.26. Proposition. Suppose that 7 € G(F). If [7] £ Q(F)/F is shift-periodic, 
then N-y is isometric to M g for some g : £ — > £. On the other hand, if [7] is not 
shift-periodic then A 7 does not cover a finite volume hyperbolic 3-orbifold. 

Proof. Since 7 is shift-periodic in Q(F)/F, one can easily check that it is the axis 
of some element g 6 F, i.e. 7(Z) is invariant under the action of g on F by left 
translation and the restriction of g to 7(Z) is a nontrivial translation. 

Let (A^ 7) /it) be the doubly degenerate hyperbolic 3-manifold modeled on the 
Tcichmuller geodesic at bounded Hausdorff distance from OojiZ), as in Definition 
112.171 Then /i 7 = /i o 7(0) and /i 97 = /10 37(0). Since (N 7 ,fi 7 ) and (-/V s 7,/x 57 ) 
represent the same point of 27Z?(£), this means that there is an isometry i : iV 7 — > 
iV 7 with iojj, = ixog. As g has infinite order, the isometry i cannot have fixed points. 
Therefore, the quotient is a hyperbolic 3-manifold M. But ii\M is isomorphic to 
■K\M g , so a theorem of Waldhausen |115j implies that they are homeomorphic, in 
which case 7V 7 is isometric to M g . This finishes the first part of the proposition. 

For the second statement, suppose that iV 7 = N covers a finite volume hyperbolic 
3-orbifold. Thurston's Covering TheorerrQ implies that N y is isometric to the fiber 
subgroup of a mapping torus of S. Therefore, there is some isometry i : N y — > iV 7 
with i o jji = o f for some pseudo-Anosov homeomorphism / : £ — > £. Here, 
[i : £ — > Nj is the map given in section 112.171 Then it follows from Theorem 
112.151 that the action of / on Teichmuller space leaves the geodesic a C T(£) on 
which (iV 7 ,/i) is modeled invariant. 

Fix some point lonaC T(£). As O o 7(Z) lies at bounded Hausdorff distance 
from a, for each ieZ there is some ji £ Z with 

sup dist (f (X), O o 7(7,) ) < 00. 



14 A s Thurston's proof is not readily available, we refer the reader to I31| for a proof by Canary 
of a more general result. Note that although Canary's statement does not deal with orbifold 
covers, the proof works just as well. 
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Therefore, by the equivariance of O we have that 

sup dist( 7 (j l )" 1 / i (^), Oo 7 (0)) <oo. 

i 

Since the action of Mod(S) on T(S) is properly discontinuous, this means that the 
set {7(ii) _1 / J I * G Z} is finite. In other words, we have some i ^ k with 

g ■■= f k - 1 = lUihttk)- 1 G F. 

This means that there is some element g £ F that acts as a nontrivial translation 
along the Teichmuller geodesic a. But recall from Lemma H 2 . 1 01 that the extension 
O : dooF — > VMC{Y>) is an embedding. Therefore, as O o 7 (Z) and 0{ Axis(ff) ) 
accumulate to the same points of VMC(T,) we must have 7 (Z) = Axis(g). Now if 
7 (Z) is the axis of g G -F, then for some fc we have 

ff7 (i) = 7 (< + k) =S- k j(i). 

Then 7 and S~ k (~f) have the same projection in 0(F)/ F, so [ 7 ] is periodic. □ 

12.27. The proof of Theorem 112.81 For easy reading, we briefly recall the rel- 
evant notation. We have pseudo-Anosov maps </>o, . . . , 4> n G Mod(E) that generate 
a Schottky subgroup F < Mod(S). The group F acts on the space Q(F) of its 
geodesies and there is a shift-invariant embedding 

{0,...,ri} z ^g(F)/F, e^[ 7e ] 

determined by the constraints 7e (i)~ 1 7e (i + 1) = ei and 7e (0) = 1. Note that any 
7e satisfying the first property has the same projection in Q[F)JF, so the condition 
that 7e (0) = 1 is necessary only to uniquely specify 7e within its equivalence class. 
As in the beginning of the section, choose a sequence of finite strings 

e 1 = {e\,...,e\^), e 2 = (ef, . . . , e 2 n2 ), ... 

with entries in {0, . . . , n) and let C be the sub-shift of {0, . . . , n} z consisting of 
strings all of whose finite substrings are contained in e 1 for some i. 

12.28. Lemma. Let e 1 € {0, . . . ,n} z be a bi-infinite string obtained by concatenat- 
ing copies of e % . Then the sub-shift C consists of all the accumulation points of 
sequences S nj (e lj ), where rij £ Z and ij € Af is increasing. Consequently, if 

e l h-> [ 7l ] G G{F)/F and C^T C C G{F)/F 

then Tq consists of all accumulation points in Q (F) / F of sequences S nj ( 7 i-) } where 
n,j G Z and ij G N" is increasing. 

Write Ni for the manifolds N li modeled on the geodesies in F corresponding to 
the string e l , where 7$ is from the lemma above and 7V 7i is defined in section fl 2. 171 
The mapping classes fi = <fi e i o ■ ■ ■ o <fr e ^ G Mod(S) all pseudo-Anosov, so each 

(12.28.1) Mi = E x [0, l]/(x, 0) - (f^x), 1) 

has a hyperbolic metric, unique up to isometry. By Proposition 112.261 we identify 
Ni with the infinite cyclic cover M g corresponding to 7Ti(£ x {t}). We prove: 

12.29. Theorem. Assume pi G Mi and that some subsequence of (Mi,pi) converges 
in the Gromov Hausdorff topology to a hyperbolic i-manifold (N,p). If N covers a 
finite volume hyperbolic 3-orbifold, then C contains a shift- periodic point. 
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Proof. Pick lifts pi oipi in the cyclic covers Ni — > Mi. We claim that a subsequence 
of (Ni,pi) converges in the Gromov Hausdorff topology to {N,p). To see this, note 
that the projection onto the second factor in Equation ll2.28.1| gives a map M, —> S 1 ; 
define the circumference of Mi to be the length of the shortest loop that projects 
to a nontrivial element of 7Ti(S' 1 ). In [201 Proposition 5.1], it is shown that there 
are only finitely many e-thick mapping tori with circumference less than a given 
constant. The proof only uses that the covers Ni are e-thick, though, which we 
know to be the case by Lemma [12.101 and Proposition 1 1 2 . 1 61 So, it follows that the 
circumferences of Mi go to infinity. In other words, there is an increasing sequence 
net such that the ball BMi(Pi,ri) is isometric to B^^pi^ri) for all i. It follows 
immediately that a subsequence of (Ni,pi) converges to (N,p). 

Recall that Ni — iV 7i , the manifold associated to 7; € G(F). By Proposition 
I12.24) there is a sequence (rii) in Z and some geodesic 7 G G(F) with 

[S ni (7i)]^h]&g(F)/F 

and Ny isometric to N. Since N covers a finite volume hyperbolic 3-orbifold, [7] is 
shift-periodic in Q(F)/F by Proposition 1 1 2 . 261 Lemma Tl 2. 281 implies that 7 € Tc, 
but then as the map {0, . . . , n} z — > Q (F) / F is a shift-invariant embedding, 7 must 
be the image of some shift-periodic point of C . This finishes the proof. □ 

To conclude this section, we derive the statement of Theorem 112.81 given at the 
beginning of the section. Suppose that fa is the IRS of PSL2C corresponding to 
the hyperbolic 3-manifold Mj. If we write Mi = H 3 /Ti, then fa is supported on 
the set of conjugates of Tj < PSL 2 C. Suppose that \i is the weak limit of some 
subsequence of fa. Then fj, is supported within the set of accumulation points in 
SubpsL 2 c °f sequences giTig^ 1 , where gt G PSL2C. But if 

giVigr 1 — > r < PSL 2 C 

then there are base points pi G Mi and p G H 3 /T such that (Mi,Pi) converges 
in the Gromov Hausdorff topology to (M 3 /T,p). Therefore, Theorem 112.81 follows 
from Theorem 112.291 

13. A GENERAL GLUING CONSTRUCTION IN SO(n, 1) 

13.1. Notation. Let Nq,Ni be two real hyperbolic n-manifolds such that each 
have totally geodesic boundary, and each boundary is the disjoint union of two 
copies of some hyperbolic (n — l)-manifold S. We choose for each manifold N a a 
component £+ of dN a , and denote the other one by E~; we call the correspond- 
ing embeddings of S in dN a . Given a sequence a = (ai) ieZ G {0, 1} Z we let N a 
denote the manifold obtained by gluing copies of N ,N! according to the pattern 
prescribed by a: 

N a = ([jN m x{t}J/(t+a: ) »)~(C +1 !C .* + 1 ) (*eZ,a:e£). 

For k G Z we shall take the (abusive) convention of denoting by N ak the image 
of N ak x {k} in N a . In the same way, for a finite subsequence (oifc, . . . , ct]~ + i) we 
denote by N aht ..., ak+l the image in N a of the N ak x {k}, . . . , N ak+l x {k + 1} and 
by Efc the hypersurface image of «Q fc (S) x {k}. 

We arbitrarily choose an hyperplane H™ -1 C H™ and a monodromy p : 7Ti(£) — > 
Isom + (H™ _1 ) (which is equivalent to choosing frames B on S and B on H" _1 ). 
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Then for any a £ {0, 1} Z there are exactly two monodromies for N a which restrict 
to p on 7Ti(So); we eliminate the indeterminacy by choosing a side of H™" 1 and 
asking that the developing map maps N ao on this side (equivalently we choose a 
normal vector n to £o in TN a so that BL) {n} is a frame on N a and an orientation 
of HP and take the only positive frame on HP containing B). We denote by A a the 
image of iti(N a ) under this monodromy. 

13.2. Construction of the IRS. Let v be a Borel measure on the Cantor set 
{0, 1} Z ; we define a random subgroup fi v of SO(l,n) in the following manner: Let 
v' be the probability measure on {0, 1} Z defined on Borel sets A C {0, 1} Z by 

v n A s = f A Yol ( N <xo)Ma) 

f{o,i}z yol ( N <xo) dv, ( a )' 

Then a /^-random subgroup is the stabilizer in G of a random point in the preimage 
in A a \G of N ao (equivalently it is the stabilizer in G of a random frame on the 
image of iV ao in A Q \HP) where a is a (/-random sequence. 

Let a be the shift map on {0, 1} Z . Suppose that v is a cr-invariant probability 
measure on {0, 1} Z supported on a periodic orbit, i.e. there is some a £ {0, 1} Z and 
k £ Z with a k (a) = a and u = ^ Yli=o ^ (a) ■ We can construct a closed manifold 
M from a: 

M= |J N ai x{i}\ /(i+.x,i)~(i-_ +i x,i + l) (i€Z/fcZ). 

Then each Np, with /3 in the support of v 1 is an infinite cyclic cover of M and 
the random subgroup \x v is equal to the random subgroup obtained — as in fJTT] 
above — from the normal subgroup iri(N a ) of the lattice tt\{M). In particular it is 
invariant and ergodic. Note that the measure v is an ergodic measure for the shift. 
A more general result holds: 

13.3. Lemma. Let v be a shift-invariant ergodic measure on {0, 1} Z . Then the 
random subgroup [i v constructed above is an ergodic IRS. 

Proof. Let a be in the support of v and U be an open bounded set of frames on 
N a . Then U and gU are contained in some submanifold N ak ^._ ak+l . Because of 
the shift-invariance of v we get the same random subgroup by taking the stabilizer 
of a random frame in Np k ^_._^ h+l for a i/-random fj. Let V be some neighbourhood 
of a containing all f3 £ {0, 1} Z such that for all i = fc, . . . , k + I we have fa = a*; 
for f3 £ V let Up be the image of U in Np. Since g preserves the Haar measure on 
the spaces of frames J-N a = Ap\G, when taking a random frame in Np kj ... t p k+l we 
have the same probability to land in Up or gUp, i.e. if we put 

W = W{U, V) = {y £ TUp, f3 £V} 

then we get 

lh,(W) = Hu{{y £ gUp, (3£V}) = ^(gW). 
The G-invariance follows since the sets {y £ Up, (3 £ V} form a basis for Borel sets 
in the support of pi v . 

Since G acts transitively on the frame bundle of a connected G-manifold, if a 
G-invariant set S of frames contains a frame on some N a it contains all frames on 
N a . It follows that the set {a : A a £ S} is a shift-invariant set. Since v is ergodic 
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it follows that this set has full or zero measure so that S has full or zero measure 
for \x v . □ 

We can see this proof as giving a realization of our IRS fJijy clS cl random stabilizer 
of an action on a probability space as follows. Let Y be the disjoint union of all 
N a with the topology where the W(U, V) form a basis of open sets. We can put a 
measure /xo on Y by defining it on the W by the formula 

»o(W(U,V))= ^; aAU) v'(V). 

The shift invariance of v guarantees that this is a-additive and that it descends to 
a G-invariant probability measure on the quotient X of Y by the shift. 

Remarks. 1) The IRS we constructed are always limits of lattice IRS since shift- 
invariant measures are limits of measures supported on finite orbits. 

2) We could have made the construction with more general graphs: if a group 
f2 acts freely on a locally finite graph T, D is a connected fundamental domain 
for 51 and Nq,N\ are manifolds with totally geodesic boundary whose boundary 
components are all isometric and indexed by 3D then for any a € {0, l} n we can 
glue them along T in the manner precribed by a to get an hyperbolic manifold. We 
can then construct an ergodic IRS in the same manner as above using fi-ergodic 
probability measures on {0, 1} . 

13.4. Exoticity. By choosing suitable -/V and N\ the construction above yields 
IRS that are not induced from a lattice, which follows from the next theorem. 

13.5. Theorem. Suppose that n > 3 and that N (resp. Nx) is isometrically 
embedded in a compact arithmetic manifold Mq (resp. Mi). If Mo, Mi are non- 
commensurable then for any sequence a e {0, 1} Z that is not periodic the manifold 
N a does not cover any finite volume hyperbolic manifold. 

13.6. Corollary. Under the same hypotheses as in the above theorem, if the ergodic 
shift-invariant measure v is not supported on a periodic orbit then the support of 
the IRS /ij, is disjoint from the set of all subgroups of all lattices of G (in particular 
it follows that \i v cannot be induced from a lattice). 

The proof of this theorem occupies the rest of this section. Of course it is easy 
to see that since N a does not have cusps it cannot be a cover of any finite- volume 
noncompact manifold, i.e. A Q is not a subgroup of any lattice with unipotent ele- 
ments. The argument goes as follows: we know that A Q does not contain unipotent 
elements because the global injectivity radius of M a is positive. On the other hand, 
if some A is a subgroup of a nonuniform lattice T C G and A docs not contain a 
nontrivial unipotent element, then A must have unbounded local injectivity radius. 
To see this let B be an horoball in H™ which projects to a cusp in T\H 3 . We thus 
know that any 7 <G V such that jB must be unipotent (and fix the point at 

infinity of B), so that B injects in N — A\H™. It is trivial to see that for any G > 
there exists a point x G B such that the ball of radius G about x is contained 
in B (if B = {(xi, . . . , x n ), x n > a} is an horoball about infinity in the upper 
half-space model we can take x = (0, . . . , 0, exp(G) x a)). In particular the local 
injectivity radius inj x (N) > G, so that the local injectivity radius is unbounded in 
B C N. Since the manifold N a clearly has a bounded local injectivity radius we 
can conclude that it is not a cover of any manifold with cusps. 
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It remains to show that if a is nonperiodic the N a cannot cover a compact 
manifold. This is much harder, and the plan of proof is as follows: first, in §13. 7\ 
we recall the standard construction of arithmetic manifolds with totally geodesic 
hypersurfaces and recall the commensurability properties of their hybrids (as used 
in [57]), which results in Proposition ll3.1l1 and Lemma [l3.10l Then we make use of 
a very recent result of Agol [3] to show that the fundamental group of an hypothetic 
compact quotient of an N a has good separability properties (see Proposition ll3.14|) . 
Finally we conclude that N a has a finite cover having an infinite-order isomctry 
fLemma ll3.17[) and show that this forces a to be periodic. 

13.7. Arithmetic manifolds with totally geodesic hypersurfaces. The stan- 
dard way to construct arithmetic hyperbolic manifolds which contain totally ge- 
odesic hypersurfaces is as follows: let F be a totally real number field and q a 
quadratic form inn + 1 variables over F such that q is definite positive at all real 
places of F but one, where it has signature (1, n). Then the group of integer points 
T q = SO(g,0F) is a lattice in SO(l,n). If q is written as a\x\ + . . . + a n +\X 2 n+1 
where a\, . . . , a n are totally positive and a n+ i is negative at exactly one real place, 
then T q contains the subgroup associated to the quadratic form in n variables 
a^x\ -(- . . . + a Jl+ ix^ +1 which gives rise to an imbedded totally geodesic hypersur- 
face. It follows from work of Millson that there exists an ideal p such that this 
hypersurface is actually embedded in the manifold associated to the principal con- 
gruence subgroup of level p, i.e. rnker(SL(n+l, Of) — > SL(n+l, Of/p)). Moreover 
we can choose p so that this hypersurface S is non separating, that is M — S is 
connected (so that it is the interior of a compact manifold with two boundary com- 
ponents isometric to S). Note also that the isometry type of S depends only on 
a 2 , ■ ■ ■ , a n+ i and p. 

The simplest exemple of the previous procedure is when F — Q and ai, . . . , a n > 
0, a n +i < but then the manifolds obtained are noncompact for n > 4. However, if 
F = Q(va) for a square-free rational integer d > 0, a\, . . . , a n € Q!j_ and a n +i/ Vd € 
Q* then q is anisotropic over F so that r 9 \H 3 is compact. 

Now we want to find a%, . . . , a„+i and a[ such that: 

• Both oi, . . . , a„+i and a[, . . . , a„+i satisfy the conditions above; 

• The lattices obtained from q = a\x\ + . . . + a n+ ixf l+1 and q' = a^xf + . . . + 
a n +i2;^ +1 are noncommensurable. 

By [57l 2.6] it suffices to show that q' and Xq are not isometric for any A E F* . 
For n odd, since the discriminants of q' and Xq are equal for all A it suffices that 
ai/di £ F 2 since then the discriminants of Xq and q' are never the same (as noted 
in [57]). For example we can take F = Q(\/2) and 

q = x\ + . . . + x % n — 3s/2Xn + i, q — 1x\ + . . . + x\ — i\f2x 2 n+l 

For n even we need to consider another invariant. Let k be any field; for u,v G k* 
the Hilbert symbol (u,v) is defined in [1071 111,1.1] as 1 if 1 = uv 2 + vy 2 for some 
x,y G k and —1 otherwise. Then it is shown in [1071 IV, Theoreme 2] that 

i<j 

is an isometry invariant of q over k. Now we suppose that k — <Q p for a prime 
p > 2, then for a,b G Z p we have (a,b) = — 1 if and only if either p divides a 
(resp. b) and b (resp. a) is a nonsquare unit (modulo squares), or a, b have the 
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same p-valuation mod 2 and —a 1 b is a square unit (see |107l III, Theoreme 2]). 
Now let q and q' be as above and A G Qf Since 7 = 3 (mod 4), —1 is not a square 
mod 7 and it follows that (A, A) = 1, so that e(Xq) = (A, —\y/2) n = 1 since n is 
even. On the other hand, we have — 3-\/2 = 5 (mod 7), which is not a square, so 
that e(q') = (7,-3^2) = -1. It follows that q' and \q are not isometric over Q7 
for any A G Q7. 

The main advantage of working with arithmetic manifolds is that the following 
criterion for commensurability is available (see [5TJ 1.6]). 

13.8. Proposition. 7/L, L' are two arithmetic subgroups in SO(l,n) such that the 
intersection T l~l V is Zariski-dense in SO(l,n), then this intersection has finite 
index in both of them (so that they are in particular commensurable) . 

We will also require the following lemma, which we remark is false for surfaces 
(for example, two distinct pairs of pants with a common boundary component can 
intersect in an annulus, and it is not hard to see that there are pants which have a 
simply connected intersection). 

13.9. Lemma. Let n > 3, W a complete hyperbolic n-manifold and U, U' two 
submanifolds with compact totally geodesic boundary. Then either the intersection 
UnU' has empty interior or it contains an hyperbolic n-manifold with Zariski-dense 
fundamental group. 

Proof. We fix a monodromy for the hyperbolic structure on W] then for any totally 
geodesic submanifold we get a monodromy as a subgroup of 7ri(Il^) C SO(l,n). 
Suppose that U fl U' contains an open set and let S (resp. S") be a component of 
dU (resp. dU') which intersects the interior of V (resp. U). Then 7r = iri(S <~) U') 
must be Zariski-dense in the subgroup H = SO(l, n— 1) of SO(l, n) determined by 
the compact hyperbolic n— 1-manifold S. Indeed, let Sq be a connected component 
of 5n U' . Then the boundary dS is a (union of) connected components of SddU' 
and thus a compact hyperbolic manifold of dimension n— 2; we choose a component 
Si. Lemma 1.7. A of [57] tells us that 7ri(So) contains 771(51) as a subgroup of 
infinite index. Now a discrete subgroup of SO(l,n — 1) containing a subgroup of 
infinite index which is a lattice in some closed subgroup H2 — SO(l, n — 2) must 
be Zariski-dense in SO(l, n — 1) because H2 is a maximal closed subgroup. In the 
same way 77' = 771 (S" n U) is Zariski-dense in another distinct embedding H' of 
SO(l,n — 1). It follows that (77,77') is Zariski-dense in SO(l,n), and since it is 
contained in tt\(U n U') this proves the lemma. □ 

Let n > 3 and Mq , Mi be two noncommensurable arithmetic n-manifolds which 
contain isometric embedded totally geodesic nonseparating hypersurfaces (it follows 
from Section I13.7I that two such manifolds exist). We let N and iVi be M and 
Mi cut along those hypersurfaces; as a direct consequence of 113. 91 and 113.81 we get: 

13.10. Lemma. For any complete hyperbolic manifold W, finite covers Nq,N[ of 
Nq, Ni and isometric embeddings to, ti : Nq, N[ °-> W , we have that lq(Nq)Cili(N{) 
has empty interior. 

Proof. Suppose that some component N of lo(Nq) ti(N[) contains an open set; 
then by Lemma [13.91 ni(N) is Zariski-dense in SO(l,n). Thus, the intersection 
TTi {No) H 77i (A^i) contains a Zariski-dense subgroup, which contradicts Proposition 
113.81 and the fact that Mo, Mi are noncommensurable. □ 
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13.11. Proposition. Let ai, . . . , a n , pi, . . . , /3 m € {0,1}. Suppose that N axt ... t0tn 
and Np lt ,,, t p m are commensurable. Then n = m and (ai, . . . , a n ) = (J3i, . . . , /3 m ) 

Proof. First of all, it is easy to see that if all cti and j3i are equal then n = m. 
Suppose that all a, are equel to (say) 0; if TV is a common finite cover of N a and 
then the degree of the covers are equal to respectively vol(JV)/vol(iV Q ) and 
vo\(N)/vo\(Np). But the degrees must be the same because the boundaries of N a 
and Np are the same, so that we get vol(AT Q ) = vol(A^) and this implies that 
n = m. 

Now suppose that all aj are equal to (say) 0. Then no can be equal to 1: 
if this were the case, then a finite cover N[ of Ni would embed isometrically in a 
finite cover N of N a . Denote by p the covering map N — > N a ; then there exists an 
index i such that p (N ai ) D N[ has nonempty interior, which contradicts Lemma 

rmol 

We may now suppose that there is an index 1 < j < n such that all of a±, . . . , aj 
are equal to (say) and a-j+i = 1. Let TV be a common finite cover of iV Q and Np 
and denote by p a ,pp the covering maps. We must then have j3\ — 0: since p~ 1 (N ai ) 
and Pp 1 (Np 1 ) both have a component of dN in their boundary they must intersect 
in a set with nonempty interior, which forces /3i = ct\ by Lemma 113.101 Now 
let 1 < I < m be the smallest index such that /3/+i = 1 (which must exist by 
the previous paragraph). Then Pp~ 1 {Np 1 _. p l ) is contained in Pa 1 {N ai ,..., aj ) (if it 
was not it would have to meet p~ (N a . +1 ) in a set with nonempty interior) and 
Pa 1 (-Vai,...,a J .) is contained in p^ 1 [Np 1 ,,p, ) as well. It follows that p~ 1 (7V Q , 1 ,... jQ , j ) = 
Pp 1 (Np 1 ,...,£,) is a common finite cover for N ai ^ „ aj and Np lt „. j p l so that I = j. On 
the other hand, Pa 1 (N aj+1: ..^ an ) — Pp {Np l+U ...,p m ) is a common finite cover for 
■Wey+i .,an and Np l+U p m so that we can iterate the above argument to get the 
result. □ 



We note that the proposition above is sufficient to imply the following: 

13.12. Corollary. Suppose that there exists a compact M and a regular covering 
map N a ~^ M; then a is periodic. 

Proof. The manifold N a is quasi-isometric to Z, so that the covering group of 
N a — > M is quasi-isometric to Z, and thus has Z as a normal finite-index subgroup 
according to Hopf's theorem on groups with two ends [101 IV.25.(vi)]. Thus, we 
have an infinite cyclic covering from N a to a compact manifold M' . Let A be an 
isometry of N a generating the covering group and choose an index fco such that 
ak Q!fe -i (note that the case where all ctk are equal is trivial). Since the 
measure is shift-invariant we may suppose fco = 0. Then the image by A of So is 
equal to some : suppose that ASo meets the interior of some N ai , then both 
AiVo and AiV_i would meet the interior of N ai which contradicts Lemma 113.101 
Thus we have A 1 So = Sfe ; for some increasing sequence (fci)igz and it follows that 
A 1 induces an isometry from iV QOi ... , Qfcl _i to N ah ,...,a h _ x , so that ki+i — k% = fci 
and aki+s — ct s by Proposition 113.111 fwe don't use the full result here), i.e. a is 
periodic of period fci . □ 

We still need some results about the manifold M before proving the theorem. 
The following well-known property will be useful. 
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13.13. Lemma. For all k define a map: 

TTfe : N ak = N ak x {k} ClN a ^ M. 
Then the set {^k, k G Z} is finite. 

Proof. We prove the stronger statement that the set of isometric imbeddings of iVo 
or Ni in M is finite. To do this it clearly suffices to show that for any hyperbolic 
(n — l)-manifold S the set I(M, S) of isometric imbeddings of S in M is a finite set. 
Now I(M, S) is a compact set in the set C°°(S, M) of all smooth maps from S to M 
(with the C°° metric) : this follows at once from Ascoli's theorem and completeness 
of C ca (S,M) for this metric. Thus, if there were an infinite number of distinct 
maps in I(M, S) there would be an accumulation point i and we shall presently see 
that this contradicts the discreteness of T. 

The imbedding i corresponds to an hyperplane H in H™ on which a subgroup A of 
r acts with quotient isometric to S. The fact that i is a limit point then means that 
there is a sequence H n of hypcrplancs which converges (in the Hausdorff topology) 
to H and for each n a subgroup A„ of T acts on H n with quotient isometric 
to S. If an infinite number of H n are different from H we get a sequence of 
hyperbolic elements in T whose translation length is bounded above (for example 
by the diameter of S) and whose axis is at distance tending to of, but never 
contained in, H: this implies that they have an accumulation point, which is absurd 
because of discreteness of T. If all H n are equal to H for n big enough then all A„ 
are subgroup with the same index of T n Stabg {H ) , and since there is only a finite 
number of those we get that A„ = A for n big enough. □ 

We will now show that we can apply the separability results of |16] in our context: 

13.14. Proposition. For Nq,N\ as above we have the following properties 

(1) Any geometrically finite subgroup of T is separable; 

(2) If Fx,F% are totally geodesic submanifolds in M which are transverse at 
least at one point then there is a finite cover in which they have lifts which 
are embedded submanifolds whose intersection is nonempty and connected. 

Proof. It is proven in [16] that if a group is "virtually special" then it satisfies both 
properties. So we need to check that any cocompact group T containing ^i{N' a ) is 
so. 

To do this last thing we use the results of [18] and [3] : according to their Theorem 
1.4 and Theorem 1.1 respectively it suffices to verify that the compact manifold M 
has "enough hypersurfaces" in the following sense: given any two distinct points 
x, y £ dW 1 there exists a quasiconvex hyperplane H such that x, y lie in different 
connected components of d(M n — H) and H projects to a compact hypersurface in 
M. 

Recall that M and Mi are defined by subgroups of SO(q a ) where qo,qi are 
quadratic forms defined over number fields Fq, Fx. Thus any F a -rational hyperplane 
has a compact image in M a . We construct a family of such hyperplanes which is 
finite modulo 7Ti(M a ) and separates points on the boundary as follows: first we 
take all the lifts of S to H™. Then we choose one of these, and a finite set of Fa- 
rational hyperplanes which meet it transversally and whose images in M a have a 
complement made of simply connected pieces. Then we translate these by TTx(M a ). 
By adding a finite number of hyperplanes we may ensure that their traces on E are 
the same for a = 0, 1. Thus we get (imbedded) hypersurfaces in each N a that we 
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can glue to get hypersurfaces in N a , and it follows from Lemma 113.131 that they 
project to compact (imbedded, nonsmooth) hypersurfaces in M. 

It remains to check that the hyperplanes in HP we get are quasiconvex. To do 
this we show that they contain a A, i?-quasi-geodesic (where A, B depend on the 
family of hyperplanes) between any two of their points and apply [26j Theorem 1.7 
in Chapter III.H]. Let x, y be on an hyperplane H and let m be the number of lifts 
of the £& that the geodesic segment [x,y] crosses, we may suppose m > 1. Then 
there is a c > depending only on No and ATj such that d(x, y) > cm. On the 
other hand an hyperplane transverse to the lifts of the £& goes from one to the 
other in a time (at unit speed) less than C where C depends only on the chosen 
collection of hyperplanes. It follows that H contains a broken geodesic rj from x to 
y of lenth less than C(m + 1), so that we have d(x,y) > cC~ 1 i(rj) — C -1 , i.e. 77 is 
an A, B-quasigeodesic where A = cC~ 1 and B — C . □ 

We can finally begin the proof of Theorem ll3.5l Suppose that we have a sequence 
a E {0, 1} Z so that N a covers a finite volume manifold M = r\H™. As noted above 
M cannot be noncompact. Supposing M is compact we will construct a finite cover 
of N a on which some isometry A € ni{M) acts with compact quotient (Lemma 
113. 17p and then show that this implies the periodicity of a using Proposition ll3.11l 

We say that an imbedding of K in a manifold iV is a line if it is a quasi-isometry; 
the following lemma is a consequence of Lemma 113.131 and the first step towards 
Lemma 113.171 

13.15. Lemma. There exists a closed geodesic in M which lifts to a line in N a . 

Proof. Let cq,ci be embedded arcs from £q\ £1" to £q~,£^. Then the union i of 
all Ci x {i} C N ai is a line in N a . It follows from Lemma Tl3. 131 that I maps to the 
image of a closed curve c in M : we may then lift c to its whole inverse image in 
N a and in this way we get a parametrized line projecting to a parametrized closed 
curve. 

The closed curve c is freely homotopic to a unique closed geodesic; we choose an 
element A 6 T in the conjugacy class of this geodesic. Then the axis L C H™ of A 
maps to a line in N a , which finishes the proof. □ 

We will continue to denote by A an element in T whose axis projects to a line in 
N a . 

13.16. Lemma. In any relation of the form: 

n 

x ko HnX ki = 1 

i=l 

where 7, <E A Q we must have 53j=o ^ = 0- 

Proof. In the sequel all homologies are taken with rational coefficients. Suppose 
that we have such a relation; the 7, are represented by loops in the interior of some 
N = N ah ar Let us denote by [A] the homology class of A in H\(M); if we had 
s = J2i hi 7^ then [A] would be equal to l/s^iM- This equality actually holds 
in any finite cover of M. Choose any component F of dN; according to (2) of 
Proposition 113.141 there exists a finite cover M' in which some lifts £',F' of £ and 
F intersect in one point exactly. Let N 1 be the component of the preimage of N 
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which contains these particular lifts. Let c be the homology class of £' PI N'. Then 
we have 

(13.16.1) ce im(Hi(N') ->■ Hi(N' , dN')) 

because [A] maps to c under the composition 

ffi(M') -> Hx(M',M' - N) = Hi(N',dN'). 

On the other hand, c has a nonzero image under the composition 

H^N^dN') -> H Q (dN') 

since its component along Hq(F') is nonzero. Using the long exact sequence of the 
pair (N' , dN') we get a contradiction with (|13. 16. 1|) . □ 

13.17. Lemma. Define the following subgroups ofT: 

r x = (A Q , A), A = (A fe A Q A- fe , fc e Z). 

TTien: 

(i) Ti is a cocompact lattice; 

(ii) A Q is of finite index in A. 

Proof. To prove (i), first note that since N a is quasi- isometric to the image of L 
there exists a constant C so that any point in x S HP 1 can be brought to distance 
< Co from L by an element 7 € A Q . Let G\ be the maximal translation distance 
d(y,\y) for a y such that d(y,L) < Co and C — max(Co, Ci). Fix a Iq £ i; then 
we can bring 72 at a distance less than C from £0 by an clement of the form X k . 
It follows that B(xq, C) surjects to Fi\H™ which then has to be compact. 

By Lemma 113.161 above we can define a surjective homomorphism from F\ to Z 

by ' 

(n \ n 

i=l / i=0 

We have then ker(0) = A, so that N = A\HP is an infinite cyclic covering of the 
compact manifold M' = Fi\H" and is thus quasi-isometric to Z. It follows that the 
covering map N a — > N is a quasi-isometry and thus must have finite degree. □ 

Proof of Theorem ] 1 3. 5[ We may suppose that cto 7^ a-%. By (1) of Proposition 
113.141 we get that there exists a normal subgroup V of Ti such that the image 
in M' of iVo,-i lifts to a (maybe nonconnected) separating embedded submanifold 
in r\IP. Then for i = 0,±1 the images Si of the in N lift to embedded 
separating hypersurfaces S» in JV' = (A fl r')\H". Let N^N^x be the bounded 
pieces of iV' — (E_iUSo) an d A^' — (S0UE1) respectively. Then N[ is commensurable 
to N ai . 

Let AT" be a common finite cover of N a and AT', the covering maps to N a , N' 
respectively. The isometry A acts on N'; let S = AE an d S — (p') _1 (5'). Then 
S bounds twocompact manifolds with totally geodesic boundary commensurable 
respectively to Nq and N'_±- If S would meet the interior of some p~ 1 (N ak ), then 
by Lemma fl 3.1 01 Nq and N'_ 1 would both have to be commensurable to A^ Qfc , which 
cannot be. 

We show that this implies that S = p^ 1 (T,k 1 ) for some ki 7^ 0: suppose that S 
meets both p~ 1 (E^) and p -1 (£z) for some k 7^ I. Let c" be a path from a component 
of S n _1 (Efc) to a component of S n _1 (E;): then c' — p'(c") is a loop in AT' while 
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Ca = pic") is a path from E& to E/. On the other hand both project to a loop c 
representing some 7 G 7ri(M). Because c to a loop in N' we have 7 € A. But no 
power of 7 lies in A Q (because the lift of c goes from k to I) which contradicts the 
commensurability of A' and A a . Thus we have shown that there exists k\ (which 
must be different from zero) such that S C p _1 (Efe); a symmetric argument shows 
that equality holds. 

This means that AEo — E/^ ■ So by iterating this argument we see that there 
is an increasing sequence [ki)i^% such that A l Eo = E^. It follows that we have 
N' = Uiez where U is the bounded piece in the three-piece manifold 

JV'-(EoUE fcl ) 

and two X l U meet, if at all, in a E^ .. Thus N" is made up of pieces which are all 
finite covers of U, and each of one N ak .^ i0lk . i _ 1 . It follows that all N ak .,..., ak . 1 _ 1 
are commensurable, so that fci+i — fcj = k\ and (afc 4 , . . . , Q!fc i+1 _i) = (cto, ■ . ■ , a^) 
for all i by Proposition 1 1 3 . ill This means that a is periodic of period k±. □ 
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